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Abstract. A generalization of Callias' index theorem for self adjoint Dirac 
operators with skew adjoint potentials on asymptotically conic manifolds is 
presented in which the potential term may have constant rank nullspace at 
infinity. This is subsequently used to compute the formal dimension of the 
space of SU(2) magnetic monopoles on asymptotically conic 3-manifolds. The 
dimension is shown to agree with the one computed by Braam for monopoles 
on certain asymptotically hyperbolic manifolds. 



Introduction 

In |Cal78j . Callias proved an index theorem on R n for operators of the form 
D + $, with D a Dirac type operator and <fr a skew-adjoint (matrix) potential 
which is nondegenerate outside a compact set. A primary motivation was the con- 
sideration of spinors coupled to a background magnetic monopole, a pair consisting 
of a connection form A e ri 1 (M 3 ; su(2)) and a Higgs field $ € C°°(R 3 ; su(2)) sat- 
isfying a certain PDE (see below). The spin Dirac operator coupled to such a 
monopole has the required form D^ in + $ since it turns out that $ is necessarily 
nondegenerate as a 2 x 2 matrix outside a sufficiently large ball. 

Callias' index theorem was subsequently generalized in | Ang93| , |Rad94j . |Bun95] 
and [Kotllj to include the case of arbitrary Riemannian manifolds, certain types 
of pseudodiffercntial operators and other settings; however there has remained an- 
other connection between Callias' index theorem and monopoles which has lacked 
an adequate mathematical treatment. Indeed, as noted originally in |Wei79j . the 
linearization of the monopole equation around (A, <&) appears to be a Callias type 
operator of the form D^ ig + $ acting on su(2) valued forms, whose index should 
therefore compute the dimension of the monopole moduli space. Indeed, here 
is a twisted version of the odd signature operator introduced in [APS75] ; however $ 
is acting on su(2) through the adjoint representation and cannot be nondegenerate 
outside a compact set (since [$, $] =0), so none of the existing Callias type index 
theorems apply. 

In the present paper we remedy this situation, and present two main results: 

(1) a generalization of the Callias index theorem in which the potential may 
have nullspace of constant rank at infinity, and 

(2) a calculation of the formal dimension of the monopole moduli space using 
this index theorem. 

The setting for these results is the class of spaces known variously as asymptotically 
conic, asymptotically locally Euclidean or (exact) scattering manifolds. These are 
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compact manifolds with boundary equipped with complete interior metrics having 
the form 

_ dx 2 h 
9 ^~ + x 2 

in a product neighborhood of the boundary, where a: is a boundary defining function 
and h is a smooth family (in x) of boundary metrics. These include all Euclidean 
spaces (radially compactified) with x = 1/?', and many more spaces besides since 
the boundary may be essentially arbitrary and h need not be constant in x. Our 
main result regarding monopoles is the following: 

Theorem. Let X be an asymptotically conic 3-manifold for which the induced 
Laplacian on dX has smallest nonzero eigenvalue at least that of the standard 2- 
sphere. Then the formal tangent space T^ ^Mk to the moduli space of charge k 
monopoles at a monopole (A, $) on X has dimension Ak + ^^(dX) and consists 
of (a, 4>) smooth on the interior of X having asymptotic expansions at dX with 
components along span {<I>|,9x} C su(2) of order 



4> = 0{x 2 ), 



\0{x 2 ) ifb 1 (dX) = 1 

~\o(x) ifbHdx)^^}. 

and with components along span {$^1 ax} vanishing to infinite order. 

The dimension obtained agrees with the result in |Bra89] for monopoles on certain 
asymptotically hyperbolic manifolds. We now discuss the results in more detail. 

The index theorem. To describe the index theorem, it is helpful to consider 
the following simplified case. Let X be a scattering manifold, and suppose V — 
Vo ® V\ is a global direct sum of vector bundles on X with respect to which a 
self- adjoint Dirac operator D e Diffg C (X; V) and compatible skew- adjoint potential 
$ € C°°(X;End(V)) decompose diagonally as D = D © Dx, $ = © $i. Here 
compatibility means that $ and D commute to first order at dX and that 
is nondegenerate. 

In this case D + $ = Do © (D\ + $i) and we can analyze Dq and D\ + $i 
separately. The operator D\ + $i is a conventional Callias type operator acting on 
sections of V\. It has Fredholm extensions on standard Sobolev spaces H^ C (X; Vx), 
where derivatives arc taken with respect to vector fields bounded with respect to 
the metric g (i.e. {d r ,^de} in the Euclidean case), with nullspace consisting of 
smooth sections vanishing to all orders at dX and index equal to ind(<9^) where <9^ 
is a Dirac operator on dX constructed in terms of D\ and <&i — this is the usual 
Callias index theorem in this setting. 

On the other hand Do has a very different Fredholm theory. It docs not have 
Fredholm extensions with respect to the H^ c spaces, but rather with respect to 
weighted Sobolev spaces x a H^(X; Vo) wherein derivatives are taken with respect to 
vector fields which are bounded with respect to x 2 g (i.e. {rd r , dg} in the Euclidean 
case). More specifically there are Fredholm extensions 

(1-1) Do : x^^H^X-Vo) — ► x a+1 / 2 H^ 1 (X;V ) 

for all a £ M\B where B is a discrete set of points for which a family of operators on 
dX induced by Dq and parametrized by a is not invertible, and the index ind(Z?o, ex) 
of the extension depends on the choice of a. The difference ind(Z3o, ct) — ind(£>o, a') 
is the sum of the nullspace dimensions of the operator family on dX at Bn(a,a'), 
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and the nullspace of Do itself consists of sections which are smooth on the interior 
of X, but have asymptotic expansions at dX with terms of the form a;''(loga;) fc for 
(r, k) G K x N with the r determined by the set B. 

Putting these together, it follows that 
(1.2) 

D + * : /- 1/2 flJ(I; V ) © H l sc (X; V x ) — ► x a+1 ' 2 H^ 1 {X; V Q ) © i^" 1 ^ ^i) 
is Fredholm for a (fc B, with index 

(1.3) md(D + $) = ind(<9+) + ind(D , a). 

The second term may be viewed as a kind of defect index, and satisfies ind(Z?o, —ct) = 
—md(Do,a) along with the difference formula alluded to above. (In particular 
ind(Do, 0) = provided ^ B, which reflects of the fact that the extension is 
self-adjoint when a = 0.) 

The index theorem we prove says essentially that the above holds as well in the 
case that D + $ does not decompose globally as a product. In general we assume 
merely that <E> and D are compatible with V\qx — Vo ®Vi decomposing into the 
nullspace of &\gx and a bundle on which it is nondegenerate. After reviewing 
some background material in ^JT] we consider Fredholm extensions of D + $ in Sj2l 
defining a family of hybrid Sobolev spaces which behave like the spaces in (11.21) on a 
neighborhood of dX with respect to an extension of the splitting V\gx — Vo ffi V\. 

In we prove Theorem 13.61 which says that the index of the Fredholm exten- 
sions of Sj2]is given by a formula like (|I.3p. in which ind(£>o, ct) is now replaced by 
an abstract integer valued 'defect term' dcf(£> + $,a) with the same properties 
as ind(Z?o,a) (the latter is no longer meaningful since Do is not globally defined, 
though the operators on dX whose nullspaces determine md(Do,a) — xn.&(Do,a.') 
are well-defined). The proof is by a clever argument suggested by Richard Mel- 
rose and Michael Singer, in which $ is deformed continuously in a parameter r 
to be nondegenerate at dX, and then a family of Fredholm parametrices is con- 
structed which is sufficiently uniform in r to allow for computation of the index. 
The parametrix family is constructed using a special transition calculus of pseu- 
dodifferential operators meant to capture the transition from Fredholm behavior 
like that of D\ + $i to behavior like that of Do as a parameter r — > 0. Parts of 
this calculus first appeared in [GH08] where it was used to analyze the low energy 
limit of the resolvent of the Laplacian on scattering manifolds, and though we don't 
make use of all of its features, a rather complete development of the calculus has 
been included in Appendix [HI in case it may serve as a useful reference. 

In fact the geometric setup of the transition calculus leads naturally to an inter- 
pretation of the index theorem as an index gluing result, in which a doubly infinite 
end dX x M is glued onto X along with a model operator which 'corrects' for the 
Fredholm behavior of Do, and whose index appears naturally as the defect term. 

Monopoles. In fJH we apply the index theorem to the deformation theory of 
monopolcs on scattering 3-manifolds. By definition a monopole (^4, <I>) satisfies 
the Bogomolny equation -kd A & = F A along with boundary conditions |$| \qx = Tn 
and H 2 {dX;Z) 3 a(L) = k. Here d A = d + [A, ■} and F A = dA + \[A,A] are the 
covariant derivative and curvature associated to A, * is the Hodge star operator 
and L — > dX is the line bundle defined by the +i eigenspace of $|ax- From the 
physical interpretation of monopoles, m € R is the 'mass' (which we normalize to 
1) and k g Z N (here N is the number of connected components of dX) is the 
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'charge' of (A, $). The gauge grouE G = {u € C*°°(X; SU(2)) : u\ ax = 1} acts on 
monopoles, and of interest are the gauge equivalence classes of monopoles of given 
charge k, forming the moduli space Mk- Since the theory of monopoles is only 
interesting if the underlying manifold is complete and noncompact there are con- 
siderable analytical difficulties with the usual geometric approach to deformation 
theory. 

It is a now classical result that for Euclidean space X = R 3 , Aik is a smooth 
manifold of dimension Ah. This dimension was computed by Weinberg in |Wei79j . 
essentially by augmenting Callias' original result with some physical arguments to 
get around the noninvcrtibility of <E> . Actual solutions for general k were sub- 
sequently constructed by Jaffe and Taubes in [JT80] by grafting widely separated 
copies of the explicit charge 1 Bogomolny-Prasad-Sommerfieldmonopole. In [Ati84] 
Atiyah computed the dimension dim(A^fe) = 4fc for X = H 3 using a clever argu- 
ment to avoid the difficulties of working with noncompact spaces; this argument was 
subsequently utilized by Braam in [Bra89] to consider monopoles on conformally 
compact X (a type of asymptotically hyperbolic geometry). 

Indeed, monopoles on X are in correspondence with S -equi variant instantons 
onXxS 1 ; this theory is conformally invariant, so by taking a conformal compacti- 
fication of X x S 1 (which requires X to have conformally compact geometry) one is 
reduced to analysis on compact manifolds at the cost of adding equivariance. The 
equivariant index theorem may be used to compute the formal dimension of Mk, 
and Braam show^l this dimension to be 4fe + \b l {dX). Braam goes on to con- 
struct monopoles by gluing in the case that b 2 (X) = 0, whereas Atiyah uses twistor 
theory to construct solutions on H 3 . Also of note are the posthumously published 
works Flo95b and Flo95a of Floer in which he uses gluing arguments to obtain 
monopoles on manifolds with Euclidean ends. 

For X a scattering manifold, we attack the problem directly. We set up a three 
term elliptic complex whose first map represents infinitesimal gauge transformations 
and whose second map represents the linearized Bogomolny equation. The Hodge 
operator of the complex is of Callias type, and a Weitzenbock type result shows 
the operator to be surjective on a certain range of weighted hybrid Sobolev spaces. 
Along the way we give a detailed account of the odd signature operator. As is 
typical for scattering type geometry, the discrete set B controlling the defect index 
contains points related both to the topology of dX as well as the geometry, and by 
assuming that v i > 2 where v% are the positive eigenvalues of A.gx, we obtain the 
result stated above as Theorem 14.81 

The construction of actual monopoles on scattering manifolds along with a com- 
pactification of their moduli space will be the subject of a future work by the author 
along with R. Melrose and M. Singer. 

Acknowledgments. The present paper represents part of my PhD thesis work, 
and I am grateful to my thesis advisor Richard Melrose for his support and guidance. 
I have also benefited from numerous helpful discussions with Michael Singer and 
Pierre Albin. 



In fact we consider a more general gauge group consisting of sections smooth on the interior, 
with polyhomogeneous (singular) asymptotic expansions at dX . 

2 The actual dimension Braam computes differs from this by — #7ro(<9X), but this is accounted 
for by a different convention for the gauge group: Braam allows Q to act by an extra S 1 on each 
component of dX whereas we do not. 
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1. Technical Background 

1.1. Differential operators. Let X be an n dimensional manifold with boundary, 
with a boundary defining function x. By definition this means x £ C°°(X; [0, oo)) 
with a; _1 (0) = dX and dx\dx ^ 0, and x is unique up to multiplication by a smooth 
strictly positive function. The b vector fields Vb(-X") are those smooth vector fields 
which are tangent to dX; they are characterized by the property 

(1.1) V b (X)-xC°°(X) CxC7°°(X). 

The scattering vector fields V SC (X) are defined by V SC (X) = xVb(X). While Vb(X) is 
naturally associated to (X, dX), V SC (X) depends on the choice on x. As derivations 
of C°°(X) these satisfy 

(1-2) [V b (X),V h (X)]cV h (X), 

(1.3) [V h (X),V sc (X)} C V SC (X) and 

(1.4) [V sc (l),V sc (l)]cxV sc (l). 

In other words, Vb(X) and V SC {X) are Lie subalgebras of the algebra V(X) of 
smooth vector fields and V SC (A) is a Vb(A)-module. 

Near dX these vector fields may be characterized in terms of local coordinates. 
If (x, y) form coordinates where the y, are coordinates on dX and x is the boundary 
defining function then 

Vb(X) = span Coo(x) {xd x , d Vi } 
V SC (X) = span C oo (X ) {x 2 d x ,xd Vi } 

Thus, over C°°(X), Vb(X) and V SC (X) are locally free sheaves of rank n = dim(X) 
and as such may be identified as the sections of well-defined vector bundles, namely 
the b tangent and scattering tangent bundles: 

V h (X) = C°°(X; h TX) h TX ^ span R {xd x ,d m } 

V SC (X) = C°°(X; SC TX) SC TX = span R {x 2 d x , xd yi } . 

The associated cotangent bundles h T*X, SC T*X are defined by duality; they admit 
respective local frames {dx/x 7 dyi} and {dx/x 2 , dyi/x}. There are well-defined 
bundle maps 

(1.5) SC TX — ► h TX — > TX 

induced by the inclusions V sc (^) C Vb(X) C V(X) — indeed, these are just the 
obvious maps x 2 d x i — > x(xd x ) i — > x 2 (d x ) and xd Vi i — > x{d Vi ) — which, though 
they are isomorphisms away from dX , are neither injective nor surjective at dX. As 
operators on C°°(X), elements of Vb(-X^) (rcsp. V SC (A)) may be composed, resulting 
in b (resp. scattering) differential operators 

Difit(X) = Difit" 1 ^) + {V 1 ...V k :V i € V b (X)} 

BiS k sc (X) = Diff*" 1 ^) + {V, ■ ■ ■ V k : Vi € V SC (X)} 

whereDiffg(A) = BiS° sc (X) = C°°(X). Alternatively, the (filtered) algebra Diff b (X) 
may be considered as the universal enveloping algebra of Vb(A) over the ring 
C°°{X) and likewise for Diff* c (X). The definition of such operators acting on sec- 
tions of vector bundles requires the notion of a connection which is discussed next. 
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1.2. Connections and Dirac operators. Let V — > X be a vector bundle, with 
associated principal (frame) bundle tt : P — > X. As P is also a manifold with 
boundary dP = n (dX) and defining function tt*(x), the b and scattering tangent 
bundles of P are well-defined, and dir extends by continuity from the interior to 
give short exact sequences 

-^V p P — ► h T p P A h T Ap) X — ► 

o — >v p p — ► sc t p p A sc p. (p) a — ► o 

for each p £ P, where VP :— kerd7r. As in the ordinary case of closed manifolds, 
VpP is isomorphic to the lie algebra g of the structure group G of P, and a b (resp. 
scattering) connection is defined by one of three equivalent objects: 

• An equivariant (with respect to the right action by G) choice of splitting 
h T p P = h T <p) X © VpP (resp. sc T p P = sc T Mp) X © V p P) of the exact 
sequence above. 

• A g valued b (resp. scattering) one-form u € C°°(P; h / BC T* P<8>g) satisfying 
w|vpsg = Id and transforming equivariantly via ui p . g — Ad(<? _1 ) ■ uj p for 
g G G. 

• A covariant derivative operator V : C°°{X;V) — > C°°(A; h / sc T*X ® V) 
satisfying V/s = df s + /Vs for / € C°°(A), s € C°°(A;F). Note that 
d : C°°(A) — > c°°( h / sc T*X) is well-defined by continuity from the interior 
of A, and V is related to uj locally via V = d + 7*w with respect to a local 
trivializing section 7 : U C X — > 7r _1 ([/) C P. 

The dual sequence to (11.51) gives rise to maps 

C °°(P-T*P) — > C°°{P; h T*P) — > C^iP-^^P) 

and we say that a b (resp. scattering) connection is the lift of a true (resp. b) 
connection if its connection form uj e C°°(P; h / sc T*P <g> g) — or equivalently each 
of the local connection forms for V on A — is in the image of the corresponding 
map. As an example, it will be shown below that the Levi-Civita connection for 
an exact scattering metric is always the lift of a b-connection. Note that d, acting 
on functions, may be considered as the covariant derivative associated to a b or 
scattering connection on the trivial line bundle and in this sense is always the lift 
of a true connection on X. 

In light of the inclusions TdX < — > TX\ dx and T<9A < — > h TX\ dx , true and 
b connections naturally induce connections on V\qx by restriction. In contrast, a 
scattering connection generally does not induce such a connection on V\qx unless 
it is the lift of a b connection. 

With a connection on V of the appropriate type, differential operators Diff£(A; V) 
(resp. Diff* c (A; V)) may be defined as the universal enveloping algebra of Vb(A) 
(resp. Vsc(A)) over C°°(A; End(V)): 

Diflt(A; V) = Diff^A; V) + {W Vl ■■■V Vk -V& V b (A)} , 

Diff s fc c (A; V) = Difltr^A; V) + {V Vl ■ ■ ■ V Vk : V t € V SC (A)} , 

BiSl(X;V) = DiS° BC (X;V) = C°°(A; End(F)). 

Lemma 1.1. Suppose P G DiS^ c (X;V) is defined as above in terms of a scat- 
tering connection V. If V is the lift of a b-connection, then P = x k P 1 where 
P' eDiff£(X;F). 
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Proof. If V is the lift of a b-connection and V SC (X) 3 V = xV for V G V h {X) 
then the identity 

Vy = V x y< — xVy' 

holds. The claim then follows by induction, the derivation property of V and the 
property (11.11) . □ 

Of primary importance are Dirac operators. As in the familiar case of closed 
manifolds, a (positive definite) metric g € C°° (X; Sym 2 ( sc T*J s T)) gives rise to the 
Clifford bundle 

C4cp0 — > x, ce sc (x) p = ce( sc T p x, g ). 

Our convention for the Clifford algebra is that if {e^} is a basis for a vector space 
W, then C£(W,g) is generated by ei = a 1 ■ ■ ■ e» fc , I = {ii < • • • < ik} subject to 
canonical anticommutation relations 

6j6j ~t~ BjB{ — 2(/ (6j, 6j) . 

We say V — > X is a Clifford module if it admits a hberwise action c£ : C£ SC (X) — > 
End(^), and given a scattering connection on V with covariant derivative V satis- 
fying V(c£(v)s) — c£(V LC v)s + cl(«)Vs, there exists a canonical scattering Dirac 
operator defined by 

(1.7) D:=c^oVeDiff^ c (X;F) 

where we use the identification g : SC T*X = SC TX and the Clifford contraction map 
c£ : C°°(X; SC TX (g) V) — > C°°(X; V). If V is equipped with a Hermitian structure 
for which the Clifford action is skew-adjoint, the usual proof (see |LM89j . Prop. 5.3) 
shows that D is formally self-adjoint with respect to the Hilbert space L 2 (X;V) 
defined by the Hermitian structure and g. 

We restrict attention to exact scattering metrics, meaning g has the form 

dx 2 h(x,y,dy) 

I 1 - 8 ; .9 - — H 2 ' 

x x 

in a collar neighborhood of dX where the restriction h\gx is an ordinary metric 
on dX, and therefore by continuity h(x) gives a family of nondegenerate metrics in 
a neighborhood of dX. In particular for g to be exact scattering, the vector field 



x 



d x must have length 1 and there may be no cross terms of the form 22£ . 



Lemma 1.2. The Levi-Civita connection V with respect to an exact scattering 
metric g is the lift of a b-connection. In fact, with respect to the local trivializing 
frame {eo = x 2 d x ,ei = xd Vi } of the frame bundle Pso(n) — > X of sc TX 

n— 1 y 

(1.9) V^'^rf + i^+.VeoAe,^ 

'-^ x 

i=i 

where we use the identification A 2 M" = so(n), and where A hc ^ — ^ li xAi— is 
the image in C°°(X; SC T*X ® so(n - 1)) of the local connection form A hC ^ x ^ = 
Y,r^^ e C°°(X; h T*X ® so(n - 1)) /or V^^^^, t/ie /amiZy o/ Levi-Civita 
connections on dX associated to the metrics h(x) in (|1.8[) which are parametrized 
by x. 
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Proof. The Kozsul formula for (|1.8[) gives 

•'-'<•;, = V% x xd m = o 

V^ yi x 2 d x = -x(xd Vi ) 

V™ yi x 2 d vj = x{x 2 d x )5 l]+ x^ h) d V] 

from which the claim follows. □ 

As a special case of Lemma 1 1.1 1 we have the following, which applies in particular 
to geometric Dirac operators in light of Lemma 11.21 

Corollary 1.3. If V — > X is a Clifford module whose Clifford connection V is 
the lift of a b- connection, then the Dirac operator D of (|1.7[) is equal to xD for 
some D € Diff£(X; V). 

In fact we can be more precise. It is a classical fact that if a manifold with 
boundary X is equipped with an incomplete metric of product type near dX, then 
any Dirac operator D € Diff 1 (X; V) may be written locally near dX as 

n-1 / n-1 \ 

D = cJ?(e )V eo + c ^(e l )V e , = c£(e ) V eo + ^ c£(e, e )V ei 

i=l \ i=l J 

D' 

where eo <E C°°(X; NdX) is a unit normal section, {ei}™~^ is an orthonormal frame 
for TdX and D' E Diff^dX; V ± ,V T ) defines a Dirac operator on dX which is Z 2 
graded with respect to the splitting V\qx = V + V~ according to ±1 eigenspaces 
of ic£(eo). 

A similar situation occurs for a scattering Dirac operator D provided the con- 
nection is the lift of a b-connection. For in this this case we may write D locally 
near dX as 

D = c£{x 2 d x ) (V x z dx + xD') = x (c£(x 2 d x ) (V xdx + D')) 
where D' = D'(x) is a family of Dirac operators on dX given by 

n-1 

D' = D'(x) = ^((^(x),)^ 2 ^)) V e(x)i 
i=i 

in terms of orthonormal frames {e(x)i} for the metrics h(x) of (|1.8[) . We refer 
to D'(0) € DiS 1 (dX;V ± ,V T ) as the induced boundary Dirac operator of D and 
emphasize that it is entirely determined by 

(1) the induced connection V\tox , and 

(2) the induced Clifford action c£ d : Ct(TdX) — > Endz 2 (y+ V~) where 

cl [ei) i^c^^e,)^ 2 ^)). 

For a geometric Dirac operator D( X ,g) on an exact scattering manifold (the 
Hodge de Rham operator, the spin Dirac operator etc.), the induced boundary 
operator is generally not the corresponding geometric operator -D^jf^jl- Indeed, 
according to Lemma [1.21 the induced connection differs from V 1 " ^ by the term 



Neither is D = x D the corresponding geometric operator with respect to the metric g = 

2 

x z g. 
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J2i e o A e« dyi so that the induced operator D' and geometric operator D^ x ,h) are 
related by 

D' = D {axM + E, 

(L10) E = J2 ci d(d m )°(e Ae i )- € C°° End Z2 (y+ © 1/-)). 

We point out however that the index theory of D' and -D(ax,/i) is the same since E 
is lower order. 

1.3. Half-densities and Sobolev spaces. Before discussing Fredholm results in 
the next section, a word must be said about Sobolev spaces. First of all note 
that a scattering metric such as (11.8[) restricts to a complete Riemannian metric 
on the interior of X, and likewise for a b- metric (a positive definite element of 
C°°(X; Sym 2 ( b T*X))). Along with a Hermitian structure on V, either of these 
may be used to define L 2 (X;V) spaces; however the most natural and invariant 
treatment involves half-density bundles. 

For any s € M, the s-density bundles ^(X) — > X and f2| c (X) — > X are 
defined by 

n s h (X) p = {v : A n ( h T p X) \ — > R | v{tu) = \t\ s v(u)} 
n s sc (X) p = {v : A n ( sc T p X) \0 — >R \ v(tu) = \t\ s v(u)} 

In other words, ilf > (X) p behaves essentially as the s power of the absolute value of 
the maximal exterior product A™( b TpX), and likewise for il^ c (X) p . 
For s = 1, there are invariantly defined integration maps 

/ :C°°(X-n h/sc (X)) -^KU±cx> 
Jx 

which are well-defined regardless of the orientability of X since the density bun- 
dles transform in accordance with the change of variables formula for Riemann 
integration. Likewise, for s — 1/2 there is a natural bilinear pairing 

J x ■■ C^iX^lfjX)) x C^X-^JX)) -> RU±oo 

which may be extended to C°°(jf ; V ® fl^ 2 sc (X)) whenever V is equipped with a 
bilinear form. Taking the completion of sections which are compactly supported in 
the interior of X leads to the natural Hilbert spaces L 2 (X; V®nU 2 ) and L 2 (X; V® 

1 /2 

n;'"). we may freely pass from one to the other in light of the equivalence 

(1.11) L 2 (X-V ®nU 2 ) = x n ' 2 L 2 {X;V ®n]' 2 ) 

= \u = x n / 2 v : v e L 2 (X; V ® f^ 2 ) j 

which follows from the identification fill 2 — x~ n / 2 tt^ 2 . 

For k £ N, the b (resp. scattering) Sobolev spaces are defined to be the common 
maximal domains for b (resp. scattering) differential operators of order k: 

H^(X; V ® fltfj = [u e L 2 (X; V ® Q^) : P« e L 2 , V P € Diff£(X; V ® Q^ c )} 
tf s fe c (X; V ® Q^ c ) = { U e i 2 (A; V ® : Pu e L 2 , V P € Diff* c (X; V ® fi^j} 
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Spaces of order s € R may also be defined using pseudodifferential operators of the 
appropriate type, though we shall not require them. We will make use of weighted 
versions x a H^ sc of these spaces, along with the spaces 

<sc(*; V ® ^b/L) = {ueL 2 :DoPueL 2 VDe Difft P G DiffL} 
= ju G i 2 : P o L>u G L 2 V D G Diff£, P G Diff^j . 

The equivalence of the two definitions here follows from ()1.3|) . 

Finally, if X is equipped with a scattering (respectively b) metric g, then there is 
a canonical trivializing section of f2| c (X) (resp. f2£(X)) given by |rfVbl g | s which may 
be used to promote ordinary sections of V to half-densities, and the resulting L 2 
space is the same as the one described in the beginning of this section. Differential 
operators may be lifted to act on half-density sections by utilizing a connection 
with respect to which the canonical section IdVoLjl 15 is covariant constant. 

1.4. The scattering calculus. Wc briefly review the Fredholm theory of scatter- 
ing operators. We refer the reader to |Mel94] for proofs of the results here. 

For P G Difi* c (X;V), two kinds of symbols are defined. The first is an ver- 
sion (7fe(P) G C°°( SC T*X\ End(y)) of the usual principal symbol for differential 
operators, given locally by 

(1.12) a k : ]T a j>a (x,y)(x 2 d x y(xd y ) a ^ ]T a jt a (x, yM) j (ir,) a 

j+\a\<k j+\a\—k 

The second is the fiberwise Fourier transform with respect to sc TX\gx — > dX 
of the 'restriction' of P to the boundary in the following sense: It follows from (|1.4[) 
that the quotient Lie algebra V S c{X)/xV sc (X) is abelian, and this quotient map 
along with the restriction \ gx : C°°(X; End(V)) — > C°°(dX; End(V)) leads to the 
restriction of P to OX, denoted by N SC (P), which may be viewed as a fiberwise 
differential operator N EC (P) G Diff fib j{ sc TX\qx, V) which is translation invariant 
with respect to the vector bundle structure (hence the subscript I). Locally, 

A^sc: Y a^ a (x,y)(x 2 d x y(xd y ) a h- > ]T aj , a (0, y)(d z ) j (d w ) a 

j+\a\<k j + \a\<k 

where (z,w) are fiber coordinates for sc TX\gx- Taking the Fourier transform gives 
the scattering or boundary symbol a sc (P) G C°° [ sc T*X\gx', End(V)) which is a 
(generally inhomogeneous) polynomial of degree k along the fibers: 

(1.13) a sc : Y, a j<a (x,y)(x 2 d x y(xd v ) a ^ Y ajA^vMV (*vT ■ 

j+\a\<k j + \a\<k 

Note that (|1.12[) involves only the highest order part of the operator while (|1.13p 
involves the lower orders as well. They are compatible in that <7fc(P) over dX 
captures the leading order asymptotic behavior of u sc {P) as |(£, 77) | — > 00. 

The main Fredholm and elliptic regularity results from the theory are summa- 
rized by 

Theorem 1.4. P G DiS^ c (X; V <X> Q.U 2 ) is said to be fully elliptic if a k (P) is 
invertible off the zero section and er sc (P) is invertible everywhere. In this case P 
admits Fredholm extensions 

P : x a H™(X; V ® Q 1 ^) — ► x a H^ k {X; V ® Q 1 ^) 
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for all a,m € M whose index is independent of a and m. The nullspace of P 
satisfies 

Nuii(p) c x°°c°°{x- v ® nil 2 ) 

where x°°C°° denotes smooth functions vanishing to infinite order at dX. 

Using (|1.3p the result holds as well for the Fredholm extensions 

P : : V ® ^ — > x a H l h ^ k (X; V ® ^ c /2 )- 

The theorem above is a consequence of a parametrix construction within a cal- 
culus of scattering pseudodifferential operators 

eGZ 

which extend the differential operators above. These are defined by their Schwartz 
kernels on the scattering double space, /3 SC : X 2 C — > X 2 , a blown- up version of X 2 . 
An operator Q £ ^/^ e (X;V) is conormal of order s with respect to the (lifted) 
diagonal, has Laurent expansion with leading order e at the unique boundary face 
(conventionally denoted sc) meeting the diagonal, and the coefficient of the leading 
order term restricts to a conormal distribution with respect to the zero section of 
a natural vector bundle structure sc = sc TX\qx — > dX, whose fiberwise Fourier 
transform is therefore a fiberwise (total) symbol a sc (Q) G C°° ( SC T* X\q X \ End(V)). 

Operators compose according to ^ s B f(X; V)o**^ (X; V) C *|+ { ' e +/ (X; V), with 
symbols composing via 

<J s+ t{Q°P) = or s (Q)a t (P) 
(<j sc ) e+f {QoP) = (o- sc ) e {Q)(a sc ) f (P). 

Q G ^^(X; V) is a compact operator on the x a H^ c spaces provided s < and 
e > 0, and is trace-class provided s < — dim(X) and e > dim(X)/2. Theorem If .41 
follows from the construction of a Q £ k '°(X; V) with a-k(Q) = crfc(P) -1 and 
^sc(Q) = <Jsc(P)-\ whence PQ-I,QP-Ie tf-MpT; V). 

1.5. The b calculus. Finally we summarize the Fredholm theory for b operators, 
which is somewhat different from the above. Proofs of the results in this section 
can be found in |Mel93j . 

Given P G BiS^(X;V) the principal symbol a k (P) G C°° ( h T*X; End(V)) is 
well-defined. In local coordinates 

o k ■■ a jA x ^y)( xd ^y d y 1 — > Y a jA x ^y)( i J { ir i) a , 

j+\a\<k j-\-\a\—k 

and P is said to be elliptic if <7fc(P) is invertible away from the zero section h T*X. 

In contrast to the situation in the previous section, the Lie algebra Vh(X)/x Vb(X) 
induced over dX is not abelian, though the element xd x descends to have trivial 
bracket with all other elements. The induced restriction of P to dX, here denoted 
I(P) to match the usual convention, therefore defines an operator 



I(P) E DiS k j( h N+dX;V) 
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where h N+dX — > dX is the R+ = [0,oo) bundle spanned^ by xd x , and the 
I denotes invariance with respect to the multiplicative structure on h N+dX = 
dX xR + . Locally, 

j+\a\<k J ' + 1 ct | < k 

Here s € M + denotes the fiber variable for h N + dX. Conjugation by the Mellin 
transform in s gives the indicial family I(P, A) = A^ _1 /(P)7W, where 

M(u) = f s - lX u(s) — 

depends on the choice of x used to trivialize h N + dX = dX x R + . Locally, this just 
amounts to replacing xd x by iX and evaluating at the boundary: 

I(-,X): H a (x,y)(xd x yd^ Yl ^ Q (0,y)(tXyd^. 

I(P, A) is a holomorphic family with respect to A G C of differential operators 
on dX which are elliptic if P is elliptic, which we assume from now on. It can be 
shown that the set 

speCb(-P) = {A 6 C : I(P, A) not invertible,} 

called the b-spectrum of P, is discrete, satisfies |Im Aj| — > oo as j — > oo and docs 
not depend on the choice of x. Equivalently, 

/(PA)" 1 E ^- k (dX;V) 

is a meromorphic family, with (finite order) poles at A G speCb(P). 

Theorem 1.5. If P e Diff^pf ; V (g) £l\f 2 ) is elliptic, then P admits Fredholm 
extensions 

(1.14) P a : x a H™{X;V ® nl /2 ) x a H™- k {X;V ® nl /2 ) 

for all a — Im speCb(P), m G K. Elements o/Null(P Q ) are smooth on the interior 
of X , and have asymptotic expansions at dX of the form 

1/2 



Null(P Q )3u~ x z (\ogx) l v'(y) 



zeispcc b (P)+N 

Re z>a 
0<i<ord(-iz) 



dx 
x 



v' e C°°{dX-V 



Here ord(— iz) denotes the order of the pole o//(P, A) 1 at A = — i(z + n) for given 
iiGN. For terms of leading order (meaning z G ispeCb(P) ), v' € Null(/(P, — iz)) . 

In particular, the index of the Fredholm extension does not depend on m, but does 
depend on a in a way we describe below. 

The theorem follows by a parametrix construction within the b calculus of pseu- 
dodifferential operators ^^(XiV) = U ^b C^i ^0 W1 th Schwartz kernels on the 
b double space /3b : X^ = [X 2 ;dX 2 ] — > X 2 , which are conormal (of order s) to 
the diagonal and have polyhomogeneous expansions (see Appendix [5J given by the 
index sets £ = (Eg,Eib, -Ert,), at the boundary faces of X^. 



4 In fact h N+dX is well-defined independent of the choice of x as the span of the inward pointing 
sections of the kernel of the bundle map h TX — ► TX over dX. It is always trivial (being an R+ 
bundlc, but the trivialization depends on a choice of x. 
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For Q £ (X;V), the restriction of the leading order term in the expan- 
sion of Q at the boundary face ff meeting the diagonal is denoted I(Q). This 
has an interpretation as a pseudodifferential operator I(Q) £ W| ( h N + dX; V) of 
convolution type in the fiber directions, such that with respect to composition 

ys,£ x ^ 3 (Q , >QoP £ *£ + *' S , 

o s+t {QoP) =a s {Q)a t {P) 
I(QoP)=I(Q)I(P). 

Here Q = (Gg, Gib, G r b) where 

Gib = {Eg + FibjU-Bib G r b = (F r b + Fg )UF r b 

Gg = {Eg + F s )U{E lh + F rb ) 

in terms of the extended union of index sets (see Appendix [A"]l . and there is a 
necessary condition Re E T t, + Re Fib > for the composition to be defined (hence 
the term 'calculus' as opposed to 'algebra' of operators) . 

Q £ *b £ i X > v ) is bounded as an operator x a Hg — > x H^~ s provided Re E rh > 
—a, ReEib > f3. It is compact on x a H^ if s < and Re Eg > 0, Re£" r b > —a, 
Re Fb > ct, and trace class if in addition s < — dim(X). Theorem 11.51 is a con- 
sequence of constructing a parametrix Q £ ^7 k,£ ^ a \X;V) such that a-k{Q) — 
CTfe(P)- 1 and I{Q) = M^ X= _J{P, A) -1 , for which PQ - I and QP - I are com- 
pact. The characterization of the nullspace requires additional analysis we will not 
describe here. 

We next discuss the dependence of the index of (| 1 . 14[) on a. Each pole of 
I(P, A) -1 , say at A = — iz for z £ C, is associated with a set of elements of the 
nullspace of I(P) called the formal nullspace at A 

(1.15) F'{P,X) = {u= Yl s z (logs) l u'(y):I(P)u = Oy 

0</<ord(A) 

which may be identified with ord(A) copies of Null(/(P, A)) C C°°{dX; V ®Q}' 2 ). 
The leading term in the asymptotic expansion of any v £ Null(P Q ) is in F'{P, —iz) 
for some z £ ispeCb(P) with Rez > a. Using the notation 

F{P,r)= F'(P,A), r£R 

Im A— — r 

and 

(1.16) Null(P,r) = 

{v ~ x z (log x) l v' + o{x z (logo;)') : Pv = 0, z £ zspec b (P), Re (z) = r} 

(so that with this notation Null(P Q ) = [J r>a Null(P, r)), we denote the image of 
Null(P, r) in F(P, r) by this leading term map as 

(1.17) G{P,r) = Image (NuU(P,r) — ► F{P,r)) = Null(P, r)/Null(P, r') 
where r' = min {Re z > r : z £ ispeCb(P)} • 
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It is a fundamental result that there is a nondegenerate bilinear pairing (essen- 
tially a generalized Green's formula) 

B : F(P, r) x F(P*,-r) — ► C 
^' 18 ^ B(u,v) = i I {I{P)ctm,4yv)-{<fmJ{P*)<f>v) 

1 JdXxS, + 

where <f> € C°°(R+) is a compactly supported cutoff with = 1 in a neighborhood 
of 0, on which B does not depend. Moreover, 

G(P,r) =G(P*,-r) x 

with respect to B, which leads to the so-called relative index theorem: 

Theorem 1.6. The index ind(P Q ) of the extensions (|1.14[) is constant for a in 
connected components o/R\ — ImspcCb(P), and for a < f3, 

ind(P Q ) - ind(Ps) = ^ dimF(P,r). 

Q<r</3 



Of particular interest are self-adjoint operators, for which speCb(P) is purely 
imaginary in light of the fact that J(P, A) = I(P*,X). In this case, the identity 
ind(P Q ) = — ind(P_Q,) may be used along with explicit computation of the P(P, r) 
in terms of Null(/(P, — ir)j to compute the absolute index of a given extension. 

2. Fredholm extensions of Callias operators 

We now return to the situation described in the introduction. Namely, X is a 
manifold with boundary equipped with an exact scattering metric and a scattering 
Dirac operator D € DiSl c (X; V(&Q,U 2 ) acting on half-density sections of a C£ SC (X) 
module V — > X. We assume that the connection V on V used to define D is 
the lift of a b connection — in particular it induces a connection on V^lax- We 
suppose $ € C°° (X;End(V ® fill 2 )) is skew-Hermitian, that (V$)| ax = 0, and 
that $|ax commutes with Clifford multiplication and has constant rank over OX. 
In particular, 

V\ dx =V Q ® Vi, V = NuU($| sx ) 

splits into a sum of bundles which are preserved by the Clifford action and connec- 
tion induced on dX. We further suppose that the splitting extends to a neighbor- 
hood U D dX for which 

(2.1) $= (lo" tt)> ^ = ^ 1+£ Me{00,01,10} 

for some e > 0. This condition is met in the application of interest in S|4j indeed in 
that case the splitting extends to a neighborhood on which $ = ^ ^ 
Given D and $ with these properties, we set 

P := D + $ e Diff^AT; V ® O^/ 2 ) 

and refer to it as a (generalized) Callias type operator. 

In discussing Fredholm extensions of P, we first consider the two extreme cases 
in which the rank of <fr\ex is maximal or zero. 
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2.1. The case of full rank. When §\ax is invertible the following is a consequence 
of Theorem 11.41 and the index theorem proved in |Kotll] . 

Theorem 2.1. Under the assumptions above on D and $ and with the additional 
assumption that <&\dx is nondegenerate, P is fully elliptic with Fredholm extensions 

P : x^H l h k sc (X; V ® ^ c /2 ) — > ^H^^X- V ® 
for all 7, I, k, and 

ind(P) = ind(<9+) 

where € DifF 1 (dX; V7|~ <8> fis/ 2 ,V7~ <E> 2 ) is one half of the induced Dirac 
operator on dX obtained from D acting on V+\qx = V± ® V+ ■ Here V+ denotes 
the span of the positive imaginary eigenvectors of &\qx o,nd © V7 denotes the 
splitting into ±1 eigenspaces of icl(x d x ). Elements of Null(P) are smooth and 
rapidly vanishing at dX: 

NuU(P) c x^c^ix- v <g> nil 2 ). 

2.2. The case of zero rank. In the case that §\gx = 0, P fails to be fully elliptic 
as a scattering operator and Theorem 12 . 1 1 does not hold. However since $ = x$' in 
this case, P may be instead considered as a weighted b differential operator using 
Corollary [O] 

There is a choice involved in the way x is factored out; indeed x~ a Px a ~ 1 for 
< a < 1 are essentially equivalent as b-operators, though their b-spectra are 
shifted relative to one another along the imaginary axis. We opt for the convention 
a = —1/2, which has the virtue of preserving formal self-adjointness of the Dirac 
operator on the unweighted L 2 space. Furthermore, as the standard Fredholm 
results for b-operators are most naturally stated using b half densities, we also 
conjugate P by x"/ 2 and make use of the equivalence (|1.11|) . 

Thus as a notational convention, for any Q G Diff sc we define 

(2.2) Q := X - {n+X) ' 2 Qx^-^' 2 e Diff£(X; V ® ^ /2 ), 
and note that mapping properties (boundedness, Fredholm, etc.) of 

Q : X i-V 2 H£(X; V ® fi^ 2 ) — > x* +1 / 2 H*-\X; V ® flV 2 ) 
are equivalent to the corresponding mapping properties of 

Q : arTflg (X; V ® n£ /a ) — >• a: 7 ff * _1 (X; V ® J^ 1 / 2 ). 

Moreover Q is formally self-adjoint on L 2 (X; V ® fij/ 2 ) if and only if Q is formally 
self-adjoint on L 2 (X; V <g> fisc /2 )- 

Given the assumption that <& = C(a: 1+e ), it follows that P = D + $ where 
$ = x~ 1 <I> = 0(x e ). In particular P is a compact perturbation of D. From the 
results in §1.51 we conclude: 

Proposition 2.2. P admits a Fredholm extension 

(2.3) P : x^^^H^X-V ®Vtli 2 ) ^ x^^H^iX-V ®VlH 2 ) 
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for all 7 ^ zspeCb(-D) and all k, and Null(P) consists of polyhomogeneous sections 
with expansions 

NuU(P) 3 u ~ x ( ™- 1)/2 ^ x r (logx)^'(y) |f | 1/2 

7-eispec b (£>)+N 
0<Z<ord(-jr) 

where vl € C°°(9X;y (g) fJ 1 / 2 ). For £/ie leading order terms (corresponding to 
r e ispeCb(-D) y ), v! € Null [I(D, —ir) ). TTie index of the extension (|2.3[) wz/Z oe 
written ind(P, 7), and satisfies 

ind(P, — 7) = — ind(P, 7), and 

(2.4) 

md(P, 70 - e) - md(P, 70 + e) = dim F(D, 70) 
for 70 € ispeCb(P), /or sufficiently small e > 0. 

Proof. This is mostly a matter of unwinding the notation and making use of The- 
orem [L5] 

The properties (|2.4[) follow from the fact that P has the same index as D as an 
operator x J H^ — > x^H^' 1 which satisfies analogous properties by self-adjointness 
and Theorem ll.6l 

The characterization of Null(P) comes from the fact that Null(P) = x^-^^Nul^P) 
which involves a multiplication by a; -1 / 2 along with the natural identification 

nl /2 (x) = x n ' 2 nU 2 {x). a 

2.3. General constant rank nullspace. We now consider the general case de- 
scribed at the beginning of this section, wherein V\gx = Vq © V\ according to 
Vo = Null($), ^ly-j 7^ 0, and the splitting extends to a neighborhood U of dX for 
which (l2~Pj) holds. 

To obtain a Fredholm result we are forced to measure regularity near dX differ- 
ently according to the splitting of V. This is accomplished by defining families of 
hybrid Sobolev spaces. 

Definition 2.3. Let n <E C°°(U; End(Vb© Vi)) be the projection onto the V sub- 
bundle, and denote by IT = (Id — ILj) the other projection. Let \ € C°°(X; [0, 1]) 
be a cutoff supported on U and such that \ = 1 on an open neighborhood of dX 
and let 

(2.5) [x a H^ l \xeH*f sc }(X-,V®nU 2 ) 

1 /2 

consist of those u £ C~°°(X; V (g) Q s £ ) such that 

n oX uex a H£ +l (X;V®Clll 2 ), 
n lX u&x p H^ c {X;V®nH 2 ), 
(l- X )ueH*+ l (X;V®nU 2 ). 

It follows from the fact that the H^ +l and H h ' sc norms are equivalent on sections 

supported away from dX that [x a H^ +l \x^H h ' sc \ ^ s a well-defined, complete Hilbert 
space with respect to the norm 
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and that it is independent of the choice of x- The corresponding inner product is 
obtained by polarization. 

We allow the freedom to use different weights x a and x@ along the components, 
though the next result shows that the relative weight j3 — a is constrained by the 
necessity to control the off diagonal terms of P. 

Indeed, from the assumptions that <&\qx commutes with Clifford multiplication 
and (V$)|ax = 0, it follows that D and $ commute to leading order at dX, so 
with respect to the splitting P has the form 

( 2 .6) p = c +*=(£: 

near dX with remainder terms Ri G xT>\S]. c (X; V ® £lU 2 ). 
Lemma 2.4. P extends to a bounded operator 

(2.7) P : [x-<- 1 l 2 Hl +l \x~t +0 H^ c ] (X; V ® O^ 2 ) 

— ► [* 7+1/ X + '~ V^t'] (X; V ® ^ c /2 ) 

/or a// fc, I, 7 an<i -1/2 < (3 < 1/2. for -1/2 < (3 < 1/2 P is homotopic to an 
operator P' arbitrarily close to P in norm which is of the form 

< 2 - 8 > p V = ( D ° Dl + *„ 

on a possibly smaller neighborhood U' of dX. 




Proof. Using (|1.3p and the obvious estimates on commutators, we may move past P 
the factor x 1 as well as k b-derivatives and I scattering derivatives, so it suffices to 
verify the case 7 = k = I = 0. As boundedness is clear on the compactly supported 
part of u € [x^ 1 / 2 !!^ l^-^b'sc] > we concentrate on the terms IIoxw and IIixw. Thus 
is suffices to verify boundedness of 

$01 \ x-^Hl x^ 2 L 2 

j ■ y 

$10 $11 / x P Hl x?L 2 

with Ri e xDittl c , and = 0(x 1+e ) for i 11. 

Boundedness of Do and -Di follows from the analysis of the previous sections, so 
consider i?oi- As an element of xDiff 1 ., i?oi is bounded as an operator 

R 01 : x^Hl — ► ^ +1 L 2 , 

so it will be bounded from x^H^ c — > x x l 2 L 2 provided (3 > —1/2. 

Now consider R w € a;Diffg C . It may be decomposed into i?io = R\ + R 2 , where 
R\ € x 2 V h and R\ e irC 00 . It follows that 

R\ : x- 1/2 Hl — > x 3/2 L 2 , and 
R 2 W : *"V^ _^ s i/ a 

are bounded, and then the inclusions x 3 ^ 2 L 2 , x x l 2 lP\ C rr^L 2 hold provided j3 < 
1/2. The off diagonal terms of $ involve a similar computation; they are seen to 
be bounded provided — 1/2 — e < (3 < 1/2 + e. We conclude that P is bounded 
provided -1/2 < f3 < 1/2. 
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If these inequalities are strict, each of the remainder terms may be written as 
x s R'i, with R[ bounded. For example, if (3 > — 1/2 + S, i?oi can be written as x s R' 01 
with R' 01 G x^Diff^., and 

is bounded. The case of R\q is similar. 

Thus for any e > we can choose a neighborhood U' = {x < xq} for some 
xq G [0,1) and a cutoff <fi supported on U' such that ||<^P</>|| < Xq \\<t)R'<t)\\ < e. 
Making the neighborhood smaller if necessary, we can also arrange that ||</><I>'</)|| < e, 

where $' = ( * 00 ^ ) . It follows that 

Pt=( D n n ,)+t(l-<j>)(<!>' + R) + (l-t)(<S>i + R) 



D 1 + ($ n ) y 

is a homotopy between P = Pq and an operator Pi of the required form, and 
|| P t - Po|| <2e uniformly in t. □ 



The term Dq in (|2.6p is only defined on the neighborhood U of dX. Nevertheless, 
we may consider Dq — a; _ ( n + 1 )/ 2 Z? :z;(™ _1 )/ 2 as in ^2.21 and refer to the indicial 
family I(D a ,X) G DiS(dX; Vq ® Q 1 / 2 ) and the b-spectrum speCb(-Do) since these 
only depend on the leading order /(-Do) of Do at dX. 

Theorem 2.5. P has a Fredholm extension as an operator 

(2.9) P : [a^/X* ^ ® ^c /2 ) 

— ► [^ +1 / 2 J ff b fc+ '- 1 |^+' 3 <i- 1 ] (X; V ® O^ 2 ) 

/or any 7 ^ ispec b (r>o), fe, / € N, and — 1/2 < /3 < 1/2. 

XTie nullspace of such an extension exhibits the following regularity: 

Null(P) 9 u nix« € x^C 00 ^, Vi ® fl^ a ) 

n oX w^^ ( "- 1)/2 ^ * r (iogx)V(2,)|f | 1/2 

reispec b (5o)+N 
0<;<ord(-ir) 

where u' G C°°(<9X; Vo^fi 1 / 2 ) wi/i leading order terms having v! G Null(/(Z?o, — ir)) . 



Proof. Deforming P by an arbitrarily small norm perturbation (preserving Fred- 
holmness since the set of Fredholm operators is open), we may assume that P has 
the form l[2~%j) near dX. 

We will construct a Fredholm parametrix Q G C~°° {X 2 ; End(F (gifisc 2 )) decom- 
posing as a direct sum of terms near dX 2 which come from the scattering and b 
calculi, respectively. Thus let Q be supported in a neighborhood of the diagonal 
and conormal to it on the interior of X 2 . Restricted to U X Z7, let Q have the form 

nl = (W b )4x (n - 1)/2 Qox'- {n+1)/2 ) \ Q €*^ e (X;V®S%*) 

for Qq and Qi yet to be determined, where x and x' denote the lifts of x from the 
left and right respectively. 
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Let <j-i(Q\) = ai(Di) , and cr-i(Qo) = ci(-Do) > which is compatible with 
the condition <r_i(<3) = ai(P)^ 1 on the interior of X 2 . In addition, let cr sc (Qi) = 
a sc (Di + ^h)" 1 and 7(Q ) = Mf m 1 A= _ 7 /(5 , 

By lifting P to X 2 from the left or right and composing with Q, it follows that 
that Rl = I — QP and Rr = I — PQ are distributions conormal of order — 1 with 
respect to the interior diagonal, and that 

d i o ^ d i (Rr o 

^1^ = 1^0 Rl)> R R\u 2 = [ Ri R 
where R^ R/L = (PMR'r/l) ™^R' R/L e ^ and R R /L = (M^x^/ 2 R' R/L x'^ 1)/2 ) 

withi?^e^ M±(7) - _ 

By utilizing the partition of unity {\, (1 — \)} with x € @c°{U)i it follows from 
the compactness criteria discussed in §1.41 and §1.51 that the terms xRr/lXi (1 — 
X)#i?/i(l - X). (1 - X)Rr/lX an d xRr/l(1 ~ x) act as compact operators on 
[^-VSi^+^+^Mj ( in the case of i?L ) or [ a; 7+i/2 fl *+i-i| a .'r+/3 fl *^-i] ( in 

the case of -Rr) and hence so do i?£ and themselves. □ 

3. The index theorem 

To compute the index of the Fredholm extensions of the last section, we employ 
the following strategy. Consider the family 

V:=P-i X T®0 = D + <P-i X (j ) [J), 0<t<1, 

with respect to the splitting V\u = Vb © V\ and where x € C^°(U) with \ = 1 
at dX as before. For r > 0, V is of the form described in §23 with Fredholm 
extensions on scattering Sobolev spaces index computed from Theorem l2.1l to be 

indfP) = ind(<9+) 

since the addition of — irld at dX moves Vq into the negative imaginary eigenbun- 
dlc V_. For t = we consider the Fredholm extensions (|2.9p . This is cannot be 
a continuous 1-parameter family of Fredholm operators since the domains are dis- 
continuous at t = 0. Nevertheless we will be able to treat V in sufficiently uniform 
manner as to relate the index at r = to the index at r > in a computable way. 

3.1. Transition calculus. For simplicity, we first consider the rank zero case in 
which <&\qx — with $ = 0(x 1+e ). Of course for r = the index of the Fredholm 
extensions (|2.3p may be computed using (|2.4[) . and on the other hand it follows 
from Theorem 12.11 that for r > ind(P — ix T ) = since ($ — ix T )\dx — —irld, 
whence V+~ = {0}. It remains to show how these may be reconciled uniformly in r. 

The basic strategy is to construct a pseudodifferential parametrix Q for V, which 
is an approximate Fredholm inverse for P — %xt on scattering Sobolev spaces when 
r > and for P on appropriate b Sobolev spaces when r = 0. Provided that the 
left and right remainder terms 

Tl L :=U-QP, TZ R :=ld-VQ 

are of trace class for each r, with r i — > Tr (TZ r/l)(t) € C continuous, it will follow 
from the trace formula for the index that 

T .— ► ind(P)(r) = Tr(K L - Kr)(t) e Z 



20 



CHRIS KOTTKE 




Figure 1. The single space X t and its boundary faces, along with 
some level sets of 717. 



is continuous and therefore constant. 

To account for the possibility of a nonzero index at r = 0, which after all 
depends on the specific choice of weight 7 ^ ispeCb(-D), the situation is slightly 
more complicated: while the trace employed is indeed continuous in r (and therefore 
constant), the limit at r = of Tr (IZl — Hr)(j) consists of the sum of the indices 
of two operators, one being the extension ()2.3j) and the other being a certain model 
operator on dX x [0,1], which must therefore have equal and opposite index. In 
fact this situation arises quite naturally from the geometric methods we employ. 

The parametrix for V is built using the b-sc transition calculus of pseudodiffer- 
ential operators, designed to 'microlocalize' differential operators on X depending 
on a parameter r G / := [0,1) which are of scattering type for r > and of b-type 
at r = 0. The calculus is developed in detail in Appendix [B] though we briefly 
recall its main features here. The natural space to consider is a blown-up version 
of X x /, referred to as the single space: 

X t := [X X I;dX X 0]. 

There are three boundary faces of Xt (see Figure [T]) which are referred to as the 
'scattering face' sc, the 'transition face' tf and the 'zero face' zf . They are diffco- 
morphic to dX x I, dX x b[0, l] sc (this notation will be explained shortly) and X, 
respectively. 

The projection 717 : X x I — > I lifts to a b-fibration (a type of generalized 
fibration well suited to manifolds with corners — see Appendix [5] for a definition) 
717 : Xt — > I whose level sets 7t]~ 1 (t), t > are diffeomorphic to X, and whose 
level set 7r^~ 1 (0) consists of the union of boundary faces zf and tf. 

The vector fields (and by extension differential operators) considered are those 
tangent to the fibers of 717 which are of scattering type on irj (r), r > 0, b-type on 
zf , and b-sc-type on tf , meaning that they are of b-type near tf n zf = dX x and 
of scattering type near tf fl sc = dX x 1 (hence the notation tf = dX x b[0, l] sc ). 

It follows that the indicial families of the restrictions of such a vector field V 
to tf and zf are related by I(N t{ (V),X) = I(N z{ (V),-X), where N*(V) denotes 
the restriction of V to a boundary face (see Proposition IB.10|) . This relation is 
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ultimately the source of the 'equal and opposite' index phenomenon in the trace 
formula at r = alluded to above. 

Remark. In fact, X t may be alternatively thought of as a 'surgery' or 'gluing' space 
in which a scattering end is glued onto the b end of a manifold with boundary by 
attaching the cylindrical end dX x b [0, l] sc , and the index theorem below may be 
seen as a gluing formula for the index. The indicial family relation imposes some 
matching conditions across the gluing hypersurface. 

Restricting differential operators to various submanifolds results in the following 
homomorphism£0 of differential operator algebras: 

N T : DiS k t (X t ; V <8> n\j 2 ) — -> Diff s fe c (X; V <g> ft b /2 ), r > 

(3.1) N tf : Diff t fe (X t ; V ® f^ 2 ) — > Diff^ sc (5X x b [0, l] sc ; V ® fi^ 2 ) 

7V zf : Difff (X t ; V ® r> b /2 ) — > Diff*(*; V ® ^ /2 )- 

Here iV r denotes restriction to the submanifold 7Tj (r), r > 0. The symbols and 
indicial operators of these objects are compatible in the sense that 

a sc (N tf (P)) = lim a sc (N r (P)), 

(3.2) 

I(N t{ (P),X) = I(N z f(P),-X). 



We refer to (|3 . 1 1) as the 'normal operator' homomorphisms. Restriction to the 
boundary face sc gives hbcrwisc translation invariant differential operators on the 
bundle 7r^- sc TX| sc — > sc = dX x I, and taking the Fourier transform with respect 
to the vector bundle structure gives a family of the scattering symbols which we 
denote a sc (P) and which satisfy 

a sc (P)(r) = a sc (N T (P)), r > 0, 

( ' ' <r sc (P)(0) = Tsc(P)Untf = a sc (N ti (P)). 

1/2 

Pseudodifferential operators VP J (X t ; F® f2 b ) are defined in terms of their Schwartz 
kernels on the double space X 2 , a blown-up version of X 2 x 7, and there are anal- 
ogous normal operator homomorphisms at the pseudodifferential level: 

N T : ¥*(X t ; f ® O — ► * 8 * c (*; V ® ^ b /2 ), r > 

JVit : *J(X t ; V ® O b /2 ) — > *£, SC (<9X x b [0, l] sc ; V ® tt b /2 ) 

JV rf : *;(X t ; V ® O b /2 ) — ► * b (X; V O b /2 ) 

a sc : **(X t ; V ® ft b /2 ) — > C°°( sc T a \X x 7; End(V ® ^ /2 )) 



These satisfy the same compatibility relations as in (|3.2p and (|3 . 3() as a consequence 
of the geometry of Xf. 

Finally, for appropriately well-behaved operators there is a trace 

Ti- ■. *;(x t ;v ®nl /2 ) A* phg (I) 

where the range space denotes functions which are smooth on the interior of I with 
polyhomogeneous expansions (meaning in terms of r z (logr) fe , z 6 C, k <G N) at 



^Meaning the restriction of a composition is the composition of restrictions. 
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t = 0. As a function of r, this trace is continuous and 
Tr(P)(r)=Tr(iV r (P)), r>0 
( ' ' Tr(P)(0) = Tv(N ti (P)) + Tr(7V zf (P)), 

provided all the operators on the right hand side are trace-class (see Proposi- 
tion ee)- 

3.2. The case of zero rank. We will next consider the operator V — D + $ — i\T 
in the zero rank case ($|ax = 0) within the framework of the transition calculus. 
Before doing so however we note two things: first, the transition calculus is most 
naturally defined using b half densities rather than scattering half densities, so we 
will need to conjugate V by x n l 2 in order to make it act on sections of S7^ 2 . Second, 
we observe 

Lemma 3.1. The lift of V to X t vanishes to first order at the boundary face 

tf c x t . 

Proof. This is easily checked in local coordinates: if (x, y, r) are coordinates for 
X x I near dX x 0, then natural local coordinates for X t are given by 

(£, y, t) := (x/t, y, r) near tf n sc, and 

(x,y,rj) := (x,y,r/x) neartfiHzf. 

(These coordinates are related to the global variable a £ b[0, l] sc via rj = l/£ = 
a/(l-a).) 

The relevant vector fields (of which D is a linear combination) and coordinates 
lift in the first case according to {x 2 d x ,xd y } i — > {r£_ 2 d^, r£<9 y } and r i — ► r is 
locally a boundary defining function. In the second case they lift according to 
{x 2 d x ,xd y } i — > {x 2 d x — xnd v ,xd y } and r i — > xn, where x is locally boundary 
defining for tf (and r\ is boundary defining for zf). 

Since we are assuming $ = 0(x 1+e ) — 0((r£) 1+e ) it follows that, as a transition 
differential operator, V has an overall factor of r near tf fl sc and x near tf n zf so 
in fact V\ t { = 0. □ 

Thus in order to consider V as an operator in the calculus, we must also factor 
out a power of the boundary defining function ptf for tf . The choice of such a ptf 
matters here, as does the manner in which it is factored out (compare the discussion 
in Sj22). We will use a function satisfying 

x near tf n zf , and 
r near tf D sc. 



(3.5) Ptl 



and take 

(3.6) V = x' n/2 p^ 1/2 Vp^ 1/2 x n ' 2 

(compare (|2.2|) ). With this convention N z f(V) agrees with the operator P in 
and again has the virtue of preserving formal self-adjointness of the Dirac operator. 

Remark. Note that the convention (|2.2j) can also be understood as taking the bound- 
ary defining function p t f on the double space to coincide with (x x') 1 ^ 2 near ptf Hp z f , 
where x and x' are pulled back from the left and right factors of X, respectively. 

With these conventions in place, we may prove 
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Lemma 3.2. V E Diff* (X t ; V ® ^ b /2 ) and 

(a) N z f(V) — P, where P is the operator in Q2.2{ 

(b) Ntt(P) = D — i(f>, where D is a formally self-adjoint first order operator and 
<f> is a non-negative scalar function, strictly positive on the interior, such that 
fildXxO = and (j)\dXxi = 1- The indicial families are related by 

(3.7) I(N tf (V),\) = I(D, A) = I(D, -A) = I(N zl (V), -A) 

Proof. The first claim has been discussed already and follows from the fact that 
the normalization convention (|3.6|) agrees with (|2.2[) . 

For the second claim, observe that the assumption $ = 0(x 1+e ) means that 
Pi^ 2 $p t ^ 2 — C(Ptf) still vanishes at tf, so N t {(V) is given by the restriction of 

x -„/2 p -V2( D _ ixr ) p -l/2 a .n/a i 

At the b end of tf (i.e. tf n zf), the normalization convention and the vec- 
tor field computations in the proof of Lemma 13.11 show that D agrees with D = 
x -(n+i)/2jj x (n-i)/2 a p ar ^ ff 0m t ne replacement of xd x by ~r\d ri (giving a direct 

verification of the indicial relation I(D, A) = I(D, — A)). Near the scattering end, 

they show that D agrees with x~ n l" 2 Dx n l 2 apart from the replacement of x by £. 

Finally, it follows from (|3.5[) that <j>, which is the restriction of x~ n l 2 p t ^ 2 Txp t ^ 2 x n l 2 = 
r /2 1/2 

Pti T XPti agrees locally with boundary defining function r\ near the b end and 
with 1 near the scattering end. □ 

Along with the evident invertibility of the scattering symbol of N t {(V), given 
explicitly by a sc (x~~ n / 2 Dx n ^ 2 ) — «Id = a sc (D) — ild, the indicial family relations 
imply 

Corollary 3.3. N t f(P) admits Fredholm extensions 

(3.8) N tf (V) : plplH^dX x b [0, l] sc ; V ® 0^ /2 ) 

— ^ plpl H b7so(9x x b [o, i] sc; v ® nl /2 ) 

for all k, r\ and 7 ^ ispeCb(D) = — ispeCb(L*). 

Remark. Here it should be noted that we're using the notation H£ sc in a different 
way than used previously, to mean regularity with respect to derivatives which are 
of b type near dX x and scattering type near dX x 1 . 

From the indicial relations it is almost obvious, and no doubt possible to show 
directly, that the index of Q3.8P satisfies 

(3.9) ind(JV tf (P),7) = md(N zi {T),~-/) = -md(N z{ (V),j). 

Indeed, loosely speaking iVtf('P) = D + icf> should be thought of as a compact 
perturbation of self-adjoint operator D near the b end, with index computed by the 
relative index theorem. Of course it is not possible to entirely deform away the i<fi 
term as its presence at the scattering end is necessary for N t t(P) to be Fredholm, 
although there is ultimately no index contribution from that end. 

In any case, (|3.9[) will be obtained as a consequence of the parametrix construc- 
tion for V which we address next. 
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Proposition 3.4. Under the assumption that $ = 0(x ), for any choice of 
7 ^ ispeCb(-D) there exists a parametrix Q6 $ ( 1,£ (X t ; V ® £l^ 2 ), such that 

n L = id - qv g ^;°°^ L ,n R = id-vQe ^- co ^ R 

are trace class, with continuous trace in r. Here 

£ = (0 sc ,0 tf , J E + ( 7 ) lbo ,£-( 7 ) rbo ), 
T L = (cx) sc ,0 tf ,£+(7) lbo , J B-( 7 ) rbo ) 



j- fi = (^ sc ,o tf ,£; + (7) lbo! £;-(7) rbo ) 



oo i (7)rl 

w/iere E ± (7) = | (±z,/) : z G ispec b (5) + N, < Z < ord(-iz), z>r| . 
In particular, N z f(Q) is a Fredholm inverse for the extension 

(3.10) P = N zf {V) :xiH£(X;V®nl /2 ) H*-\X;V ® O^ 2 ), 
and N t [(Q) is a Fredholm inverse for the extension 

(3.11) N tf (V) : p^KlcidX x b [0, l] sc ; V ® O 

-> PbXsc''" 1 ^ >< b[0, i] sc ; V ® O- 

Finally, 

(3.12) Tr^ -ft fl )(0) = ind(JV zf (P), 7 ) + ind(JVtf(P), -7) = 0. 



To say that the remainder terms are trace class here means that N T {TZr/l ) > N%{ (TZr/l ) 
and N z {{TZji/i) are each trace class, so in particular (|3.4p holds. 

Proof. As T 3 is elliptic, its principal symbol o~\ (V) is invertible, so we may ini- 
tially choose Qq G V^j" 1 ' sucn that c-i(Qo) = cti('P) -1 , and likewise cr sc (Qo) = 

Since cr sc (7 : ')| scnt f = cr sc (iVtf('P)), this is compatible with a choice of Qo such 
that N t [(Qo) is a Fredholm parametrix for N t f(V) as an operator (|3.11[) at the 
scattering end of tf = 9Xx b [0, l] sc . At the b-end, this requires taking I (iVtf(Qo)) = 

This is in turn compatible with the requirement that iV z f(Qo) be a Fredholm 
parametrix for (|3.10[) . since 

/(JVrf(Co)) =M^ 1 A= _ 7 7(iV zf (P) I 7)=M^ A= _ 7 7(iV tf (P) ) -7)=/(iV tf (Qo)). 

The order £ = (0 SC , t f, -E + ( 7 )i bo , -E~( 7 ) r b ) is a standard consequence of taking 
this inverse Mellin transform along Im A = — 7. 

Qo is not yet a sufficiently good parametrix for the remainders to be trace-class; 
this requires inverting V to higher order along the diagonal and at sc. Indeed, 
from Propositions |R5] and E3 it follows that K := I - VQ G ^ 1,So where 
Go = (-l sc ,0 t f,-E + ( 7 )i bo ,-E~( 7 ) rbo ) = £ - l sc - We will proceed by induction on 
i £ N, constructing additional terms Qi as follows. For the inductive step, we 
choose a Q, t G 1r~ ( ' i+1) ' £ , £' = (i sc , t f, 0i bo , rbo ) satisfying 

<7_«+i)(ei) = o-i^j-V-i^-i) 

o- sc (Qi) = o- sc {T , y 1 a sc {TZ i -i) 
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and vanishing on tf and zf except near tf n sc (for we want this to improve the 
parametrix for Ntt(V) near the scattering end as well). It then follows from com- 
position that V(Qq + Qi + - ■ - + Qi) = I-Tli with IZi e *p' Gl with Qi = Qi-\-l sc . 
Asymptotically summing the resulting infinite series, we obtain Q G * t " 1,£ (X; F® 

1/2 

f2 b ) with the remainder terms TZl and TZr as claimed. It follows that the remain- 
ders 

N t{ (n L ) = 1- N t{ (Q)N tf {V), N t{ (n R ) =1- N tf (V)N ti (Q) 
N Z{ (K L ) =1- N zi (Q)N z{ (V) N zi (K R ) =1- N z{ (V)N z[ (Q) 
are trace class. (|3.12j) follows from Proposition IB . 1 2l (which shows that (|3.4j) holds) 
and continuity in r since md(N T (V)) = for r > 0. □ 

From Proposition 12.21 and (|3.12p we obtain 

Corollary 3.5. The indices of the extensions (13 . 1 1 1) of N t f(V) satisfy 

■md(N t{ {V), - 7 ) = -ind(iVtfCP),7), 
(3.13) „ 

ind(jV t£ (P), 7 o - e) - ind(JV tf (P), 70 +e) = - dimP(.D,7o) 

for 70 G ispeCb(-Do) & n d e > sufficiently small. 

3.3. The case of general rank. We may now compute the index of the Fredholm 
extensions (12.91). 



Theorem 3.6. The Fredholm extension (|2.9[) has index 
(3.14) ind(P) = incl(<9+) + def(P, 7) 

where d~\_ G Diff 1 (dX\ Vl © Qs/ 2 ,V7~ ® fill 2 ) is one half of the induced Dirac 
operator on dX obtained from D acting on V+\ox — V+ ® VjT. Here V+ denotes 
the span of the positive imaginary eigenspace of Q\sx and © VT denotes the 
splitting into ±1 eigenspaces ofic£(x d x ). 

The defect term def(P, 7) G Z is constant for 7 ^ ispeCb(-Do) an d satisfies 

def(P,-7) = -def(P,7), 

(3.15) 

def (P, 70 - e) - def(P, 70 + e) - dim F(D , 7o ) 
for 70 G ispecb(i'o) & n d sufficiently small e > 0. 

Proof. The strategy is to give a parameterized version of the parametrix construc- 
tion in the proof of Theorem 12.51 

As in that proof we may assume that P is diagonal with respect to V = Vo © V\ 
in a neighborhood U of dX. Let V = D + $ — i\T © as in the beginning of this 
section so that 

r>\ ( D o- iXT 
V \ u -[ + 

and fix 7 ^ ispeCb(-Do). 

We construct a parametrix Q G C~°°(X 2 x pEnd(V) © fill 2 ) for V as a distri- 
bution supported near and conormal to the fiber diagonal in X 2 x /, such that 

Ol - f Q ° 

eit/=x/-( e 
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We suppose that Qi = Tt* x2 \Pl c {Q'xi)'i that is, Qi is the pushforward from X 2 C of a 
distribution Q[, pulled back to be constant along /, We further suppose 

for a distribution Q on X 2 , with x,p t f and x' ,p' t{ denoting the lifts from the left 
and right, respectively. 

Let cr_i(Q' 1 ) = £Ti(Di) _1 and cr_ i(Qo) = fi(-Do) -1 , which are compatible with 
an overall choice such that c_i(Q) = a^V)^ 1 in the interior. We furthermore let 
(t sc (Q'i) = MA + For go, let a sc {Qo) = a sc {V )- 1 L and take 7Vtf(Q ) 

and iV z f(Q ) to be suitable Fredholm parametricies for N t f(Vo) and N z {(Vo) as 
operators (|3.11| and ()3.10|) . respectively. 

Finally, we improve Q° :— Q by an iterative procedure (here the superscripts 
are indices not powers), taking 

& sc ( Ci ) = a sc (Pi)-V sc (^- 1 ), and 

where TV = I — VQ l , and asymptotically summing the resulting series, denoting 
the result again by Q. 

The remainder terms TZl = I — QV and TZr = I — VQ are smooth on the interior 
of X 2 x / and are diagonal with respect to Vb © V\ near dX 2 x I, For fixed r > 
these are trace class operators on any x a H^ c {X; V(3flll 2 ), and the families trace — 
given by restriction to the fiber diagonal X x I c X 2 x I followed by push forward 
to I — of TZl and TZr is continuous by the considerations of the previous section. 

At t = 0, Tr {TZl) has the forrrfl 

(TWfciXO) = Tr ( /tf _ ^tf (Co)iV tf (P )) 

GSt), Tr(/ Zf - AT zf (fio)iVrf (Po)) 

(/3 sc ),(/-Q' 1 (^i+ < f>)) 

and similarly for Tr^(0), where P = x n/2 p^ 1/2 (D + i X T)p'^ /2 x' n/2 . We ob- 
serve that the rightmost term above is the error for a Fredholm parametrix for the 

extension (12.91) . since roughly speaking ( N ^°) ^ ) agrees with P and 

V U L>i + 9 J 

the distribution having the form 

N zi (Qo) 
Q[ 

near dX 2 is a parametrix as in the proof of Theorem 12.51 
From the trace formula for the index it follows that 

Tr(TZ L - TZ R ) (r) = indCP) = ind(9+), r > 



^Evaluation at the diagonal has the effect of removing terms of the form pt^ 2 p'+/ 2 an d 
1 -/ 2 x'~" /l2 which would otherwise be present 
''Meaning we are omitting the normalizing factors of x, x' , p t f and p' t{ . 
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using Theorem 12.11 and the fact that the positive imaginary eigenbundle V+ of 
$ — i\T coincides with that of $. Then from the constancy of the trace of 
TZl/r, it follows that 

ind(d+) = Tr(K L - 1l R ) (0) = md(N t{ (V Q ), - 7 ) + ind(P) 

where ind(P) denotes the index of the extension (|2.9I) which we are trying to com- 
pute. The proof is completed by defining 

def(P, 7 ) := -ind(iV tf (Po),-7) = ind(iV tf (P ), 7 ) 
which satisfies (|3.15p as a consequence of Corollary I3.5I □ 

Remark. Whereas Do is not a globally defined operator, the operator N t {(Po) = 

N t f(D — i\r) G Diffj 1 , SC (<9X x b [0, l] sc ; V®Vl]^ 2 ) whose index gives rise to def(P, 7) 
is nevertheless well defined, and depends only on the expansion of Do near dX. In 
particular it is independent of x an d t. 

4. Deformation theory of monopoles 

4.1. Monopoles. We consider SU(2) 'magnetic monopoles' on a 3-dimensional ex- 
act scattering manifold (X, g). A monopole consists of a principal SU(2) bundle 
P — > X (necessarily trivial since SU(2) is 2-connected), a connection A on P, and 
a section $ £ T(X;adP) satisfying the Bogomolny equation 

(4.1) F A =*d A $ 

where F A is the curvature of A and d A is the covariant derivative (here written 
as an exterior covariant derivative) defined by A. Monopoles are minimizers of the 
Yang-Mills-Higgs action 

{A,3>)^\\F A f L2 + \\d A $f L2 

within connected components of the configuration spaceC of pairs (A, $) € r(X; A 1 ® 
adP) © T(X; adP) which are bounded up to dX having finite action. Here adP = 
X x su(2) and is equipped with the Hermitian inner product given by negative of 
the Killing form, and as a matter of notation we use T(X; V) to denote sections of 
V — 5- X which are bounded and conormal at dX with polyhomogeneous expan- 
sions. (For a general scattering manifold, monopoles are not expected to be C°° 
up to dX as we will see below, but they are expected to be polyhomogeneous.) We 
also use the notational shorthand A fc to refer to the bundle A k ( SC T* X) . 

Components of this configuration space are labeled by an integral charge param- 
eter k £ Jj N (here N is the number of components of dX) defined by the first Chern 
class 

k = a(L) £ H 2 (dX;Z) = Z N 

of a line bundle L — > OX consisting of the positive imaginary eigenspace of $\ox 
as an endomorphism of the trivial C 2 bundle over dX associated to the standard 
representation of SU(2) — in other words, viewing as valued in skew-adjoint 

2x2 matrices. Indeed, finite action implies that |$| \gx is a constant, conventionally 
normalized to 1, so that dX x C 2 splits as a bundle over dX into L®L* according 
to ±i eigenspaces of <&\ox- 

Solutions of (|4.1|) are preserved by the action of the gauge group Q =T(X; AdP), 
here taken by convention to be bounded sections g with g\ox = Id. This convention 
restricts the gauge group from acting at dX, so the boundary data ($>,A)\ax are 
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thought of as being prescribed. One is then interested in the moduli space M.k 
of solutions to (|4.1|) modulo Q, with charge parameter k and prescribed boundary 
data ($,A)\ dX . 

4.2. Deformation complex. The problem of computing the formal dimension of 
Mk is an infinitesimal one, and may be recast in the form of an elliptic complex. 

Indeed, at a pair (^4, <E>) the tangent space T^ ^C to the configuration space is 
T[X\ A 1 (g) adP) ® T{X\ adP) and the Lie algebra of the gauge group is given by 
T(X; adP). The vector field on C induced from the action by 7 € T(X; adP) is 

(4.2) 7(a,*) - {-d A i, -[$, 7]) G T (At9) C 
On the other hand, the linearization of the Bogomolny map 

B : C 9 (A, $) 1 — > F A - *d A >$> £ T(X; A 2 ® adP) 

is 

(4.3) d£ : T {A ^)C 9 (a, </>) 1 — > d A a - *d A (j) + * [$, a] G A 2 (g) adP). 

It is convenient at this point to make use of the isomorphism * : T(X; adP) = 
T(X; A 3 <E) adP), after which we may arrange (|4.2p and ()4.3j) into a sequence 

(4.4) — > T(X; adP) r(X; A 1 ® adP) © r(X; A 3 ® adP) 



Di 



r(X; A ® adP) 



where 



D (-rf A 7,-*[*,7l), 
represents the infinitesimal gauge action and 

Di : (a, 0) 1 — ► d A a + * [$, a] + <5 A 

represents the linearization of the Bogomolny equation. Here 5 A = (d A )* = —*d A -k 
is the formal adjoint of d A on 3-forms with respect to the L 2 pairing defined by 
the metric and the inner product on adP. (Note that *[$, •] is skew-adjoint since 
[$, •] is skew-adjoint with respect to the Killing form and ** = * _1 = ★ in odd 
dimensions.) 

Proposition 4.1. If {A, <f>) satisfy the Bogomolny equation (|4.1I) . then the sequence 
(|4.4[) is an elliptic chain complex. 



Proof. One computes 

D 1 D =[d A +*[$,.] S A ] 

= -[F^,-]-*[<M A -]+*d A ([$,-]) 
= -[F A r ] d A -} + + 

= - P A , •] 

which is if F A — *d A §. 

On the other hand, at the principal symbolic level, <r(Do)(£) = [— «£a- 0] ^ and 
<t(Di)(£) = [«£a- — which is seen to be exact. (Note that i£j< is injective on 
forms of maximal dimension 3.) □ 
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From now on we assume from now on that (A, <!>) satisfies (|4.ip . Observe that 
the formal dimension of Aik is given by the dimension of the degree 1 cohomology 
space of (|4.4p : 

dim(A^fc) = dim 1 := dim (kcr Di/Im D ) , 
while the index of Di + Dq (assuming a Fredholm extension has been chosen) is 

ind(Di + Dp) = dim Jif 1 - (dim JT° + dim J^ 2 ) . 

Here 

Di + D* : T(X; (A 1 © A 3 ) ® adP) — > r(X; (A © A 2 ) <g> adP) 

is constructed using the formal L 2 adjoint of Do- The condition 

Do(a,*0)=O -6 A a + [$, 0] = 

is known classically as the Coulomb gauge condition. 
We will prove the following: 

(1) Di + Dg is a Callias type operator with respect to the boundary splitting 
&dP\ dx = adP © adPi := C$ © 

(2) For a range of weighted hybrid Sobolev spaces, Di + Dg is surjective (so in 
particular Jf° — ,¥f 2 — {0}). 

(3) At the low end of this range, Di + Dj; is Fredholm with index Ak+l/2b 1 (dX), 
where b l {dX) = dimff^dXjR). 

4.3. Sobolev spaces and surjectivity. The splitting of a.dP\gx (leading to the 
hybrid Sobolev spaces used below) is determined by the potential term •] 6 
r(X; End(adP)) . Note that $ ^ on a neighborhood of dX by continuity and 
the hypothesis that |<I>| \gx — 1- Then from the basic properties of su(2) it follows 
that [<&, •] is nondegenerate on $ C adP|;y with nullspace bundle the span of $\u- 
Indeed, as su(2) is a simple Lie algebra we may take $ to be the Cartan element 
at each point of dX and then the decomposition 

(4.5) adP|[/ = adP adPi = adP adP + © adP_, 

where adP± denote the positive/negative imaginary eigenspaces of $, coincides 
with the root space decomposition 

su(2) = f)©fl Q ©0_ a . 

Later on we will make use of the following relationship between adP|[/ and the 
line bundle L — > dX defining the charge, though it seems appropriate to give the 
proof here. 

Lemma 4.2. The complex line bundles adP + and L® L (respectively adP_ and 
L* ® L* ) are isomorphic over U . Thus, 

adP|[/ = adP © adP+ © adP_ Si C © L® 2 © (L*)® 2 

where C denotes the trivial bundle. 

Proof. From the representation theory of su(2), the 4-dimensional representations 
7T3©7Ti and TT2 I S>'^2 are necessarily isomorphic, where ~k\ is the trivial representation, 
7T2 the standard representation and tt^ the adjoint representation; in particular the 
isomorphism identifies the subspaces of highest weight. 

Taking $|[/ to be the Cartan element, this leads to the vector bundle isomorphism 

adP ffiC = (Lffi L*)® 2 = L® 2 © (L*)® 2 © 
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in which highest weight subbundles adP+ and L <£> L are idcntihed. The lowest 
weight subbundles adP- and L* (g> L* are likewise isomorphic, and adPo © C = C . 
(of course adPo I [/ is has already been seen to be trivial since it has non- vanishing 
section $.) □ 

Consider next the connection A on adP. Finite action of ($, A) implies that A is 
the lift of a b-connection, inducing a connection on dX which respects the splitting 
a,dP\ox — adPo © adP+ © adP_ since (i" 4 ^ must vanish there. In fact since adPo 
is the span of $ and d A $\gx — it follows that the induced connection on adPo is 
actually flat. 

It is then convenient to make use of the gauge freedom for ($, A) and take A to 
be in radial gauge near dX. Thus we may assume that A is of product type with 
respect to U = dX x [0, Xq), with normal component V^ 2 g = x 2 d x and tangential 
component pulled back from dX, in particular respecting the decomposition (I4.5[) 
and restricting to a flat connection on adPo. 

With these considerations in place, it follows that the operators d A , S A and [$,•], 
and therefore also Do, Di and their formal adjoints, are bounded as operators 

D 4 ,D* : [x Q H^ +l \x^H^ c ](X;A*(g,adP) — > [x Q+1 P b fc+ '- 1 (X; A*©adP). 

where the hybrid spaces are defined with respect to &dP\u = adpjffiadPi. For k > 
and I > 1 these may alternately be considered as domains for D^, D* as unbounded 
operators on the weighted L 2 space x v L 2 (X; A* ® adP) for ?y = min(a, /3). 

A lower bound for rj is determined by the convention that monopole boundary 
data and limit of the gauge group at dX are fixed, and the deformation spaces 
should therefore consist of sections with some degree of vanishing at dX. This 
requires taking rj > —3/2 since x~ 3 ^ 2 ~ e L 2 contains constant sections for all e > 0. 

An upper bound on the allowed weights is determined using the following Weitzen- 
bock type vanishing results. 

Proposition 4.3. The operators DgDo and DiD^ are positive semidefinite opera- 
tors given by 

D*D = (V A )* V A - [$, [$, •]], on T(X; A <Z> adP), and 
DiDJ = (V A )*V A - [#,[«,-]], onr(A;A 2 ©adP). 



Proof. The result is immediate for Dp Do, using that d A — \7 A on 0-forms, -k 2 = 1 
(since dim(A) is odd), and ★[$, •] is skew-adjoint. 
For DiDJ we computcQ 



DiDJ = [d A +*[$,■] 



5 A - *[$, • 



A A + [$,d A *-]-d A ([$,*•]) -[$,[$,•]] 



One must be a bit careful with the bracket operation on forms of odd degree; in terms of the 
associative matrix product, [A, B] on 1-forms is really A A B + B A A. 
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using F A = *d A $ on the last line. To complete the proof, a straightforward compu- 
tation reveals that [★F j4 ,*-] is equivalent to the curvature term in the Weitzenbock 
formula — that is, A A = (V A )*V A + [kF A ,*-] on T(X; A 2 ® adP). □ 

Corollary 4.4. If a < and ft < 3/2 7 then Di + Dq is surjective as an operator 
Di + Dq : [x a H k+l \x^H^ sc ]{X;A odd ®a,dP) — > [x^H^ 1 - 1 \x? H^ 1 " 1 ] {X; A ovcn ®a 
/or aZi £ Z. 

Proof. Let P = Dq + DJ be the adjoint of Di + Dp 1 ; then the result is equivalent to 
injectivity of 

P: [x-«- l Hl- k - l \ X -PH^t l ] [^V^X"^]- 

Suppose then that u e Null(P)n [x~ a ~ 1 H^~ k ~ l \x^ p H h and consider the pair- 

ing (V* Vw, u) L 2- Note that this pairing only makes sense provided that V*Vu € 
[x~ a+1 iJ b fe "^ 1 |a; - ^fr^ _l_1 ] lies also inside the dual space [x a+1 Hl +l - 1 \x- p H^~ x 
of u, which requires a < 0. 

We may then integrate by parts, noting that there are no boundary terms since 
Vu € [%~ a H h k ~ l \x- f3 H h sf l ] decays at dX (using that ft < 3/2), to obtain 

\\Vuf L2 < (V*Vu,?i) + ||[*,w]|| 2 = (P*Pu,u) = 0. 

It follows that u = since there are no covariant constant L 2 sections of any bundle 
on an infinite volume manifold. □ 

4.4. The Callias operator. By inspection, the operator Di + Dq is given by 

Di + D* = (d A -S a )t + *[$, •] : T(X; A odd ® adP) — > r(AT; A cvcn ® adP) 

where r = (__i)' t '(' £ - 1 )/ 2 + fe + 1 (the reason for writing t in this apparently complicated 
manner will become clear below) on A fc ; in particular r = 1 on A 1 and r = -1 on 
A 3 . Equivalently, 

D 1 + D*=T(d A + S A ) +*[*,-], 

where now r evaluates to 1 on A and —1 on A 2 . 

To proceed we will consider the operator *(Di + D^) which has the same index 
and nullspace as Di + but has the same domain and range bundle, namely 
A odd (g)adP. Thus 

*{D 1 + D*)=*t (d A + S A ) + [$,■]. 

The first term is a twisted (by adP) version of a Dirac operator known as the 
odd signature operator p odd = *r(d + 5) first introduced in [APS75] . Since both 
V LC and V A are lifted from b-connections and [$, •] is skew-Hermitian it follows 
that *(Di + Dq) is indeed of Callias type. Moreover, in light of the fact that adPo 
admits a trivialization over U in which A is flat, it follows that (*(Di + Dq)) - 
the restriction of the Callias operator to adPo over U — may be identified with 
Podd itself- To better understand this operator, some discussion is in order. 
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4.5. The odd signature operator. The r introduced above is a special case of 
the general sign operator 

T = i W-l)+2nk+[*p] i n = dim(X) 

defined so that the normalized Clifford volume element cue € C£{X) acts via 

under the identification of C£(X) and A*X (as vector spaces). Here 

uj c := iL^Jei •••e„ 

is an involution which is well-defined in terms of any orthonormal frame {e^} . In 
the more familiar case that n = 11 is even, r = i k ( k - 1 )+ l anc | the signature splitting 
A*X = A + X A~X is defined in terms of the ±f eigenspaces of u>c = *t. 

The odd signature operator originally appeared in [APS75] as the boundary 
Dirac operator induced by the signature operator on a manifold with boundary 
of dimension 4m. Here we reverse the procedure and show the following, first 
supposing that X has an incomplete product- type metric near dX . 

Proposition 4.5. For any manifold X with product type metric near dX and di- 
mension dim(X) = n odd, the induced boundary operator off/) odd G Diff 1 (X; A odd X) 
is the (even) signature operator 

d + 5e DiS 1 (dX;A ± dX,A T dX). 



Proof. The connection induced on dX is the Levi-Civita connection with respect 
to the metric on dX, so the operator is geometric and determined by the induced 
Clifford action. 

The identification A*X = C£(X) makes this computation easy. Indeed, A odd X\Qx — 
A*dX corresponds to identifying C^R") 3 e e 7 = e z G C^R"" 1 ) and C^(R n ) 9 
ej = ej G C£(R n_1 ) where eo is the unit normal to dX and / and J are multi- 
indices in {I, . . . , n — 1} . 

By inspection the Clifford action giving rise to ^ odd is given by 

c^odd(e) = *r(e A ■ — e_i-) = w^e- 

where we have introduced the notation uj n = e$e\ ■ ■ ■ e n ~i to highlight the dimen- 
sion. (Note that this is a self-adjoint Clifford action, satisfying {c£ dd(e), c£ dd(/)} = 
2 (e, /) rather than —2 (e, /) so in particular p odd = —A.) Now cjg = ieou 7 ^ 1 so 
it follows that 

c^odd(e ) = ^c e o = «e Wc~ le o = -^iT* 
and so the ±1 eigenspaces of «c£ dd(eo) are A^dX. The induced C£(dX) action 
may be written 

c£d(e 3 ) = c£ odd (eje ) = ujf-ejUj^ea = -(u^fe^ = -eje - 

This acts by 

c£ 9 {e j )eQe I = -eje ■ e e/ = ej ■ e/ 

c£a{e ] )e,j = -ejeo ■ ej = e (ej ■ ej), 

so in particular under the identification A odd X\ox — A*X above c£e(-) is the 
standard Clifford action on forms. □ 
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When X is an exact scattering manifold, there is an additional lower order term 
coming from the induced connection (see ^1.2j) . 

Proposition 4.6. For an exact scattering manifold X of odd dimension n, the 
induced boundary operator of L 7 ) odd £ Diffg C (A"; A odd A") is 



d + 5- N eViS l (dX;A + ®A~), N = 



k on A k , k odd 

to — k on A k , k even 



where to = n — 1 = dim(<9A"). N has (graded) degree while d + 6 has degree 1 
with respect to the grading A + dX © A~dX. 

Proof. The Clifford algebra computation giving rise to d + S and the signature 
splitting A + A~ is the same as for Proposition 14.51 It remains only to compute 
the difference term E = J2i<i< n -i c ^d( e ° ( e o A ej) of ()1.10|) . 

Here eoAei € so(n) is the skew-adjoint matrix mapping a i — > eo and eo i — > —Ci 
and which is otherwise; we denote it henceforth by E^ to avoid confusion with 
forms. Egi is given by the same matrix in the contragredient representation (i.e. on 
SC T*X) by skew-adjointness, and acts on A*X as an (ungraded) derivation. Thus 

E 0l ej = ej( i)0 ) , E Qi e A e, 7 = A ej 

where ej = ej 1 A • • • A e^ and ej( i ) is the form obtained by replacing e 2 ; by eo in 
ej if it occurs and which is otherwise. 

Composing this with the Clifford action c£o(ei) = c£(ei eo) it follows that 




(clgfa) o Eoi) ej = < . , and (c£g(ei) o S 0i ) e Aej 



i e J 

— eo A e,/ i ^ J 

and the claim then follows from the identification of the ej with the odd forms on 
dX and the eo A ej with the even ones. □ 

It remains to compute the indicial roots of P odd , and we will continue to consider 
arbitrary odd n = dim(X) since it is not any more difficult than taking n = 3. 

Proposition 4.7. Let X be an exact scattering manifold of odd dimension n = 
to + 1. The indicial roots of fl odd = x- {n+1 ^ 2 ^ odd x^ n -^/ 2 € Diff^AT; A odd ) are 
given by 

*s P ec b (^ odd ) = {(-l) fe (f - k) : k = 0, 1, . . . ,to} 

U± || ± \/ - fc ) 2 +^ : v e spec(A ax ), 0<fc<m-l.| 

The formal nullspace F \lp odd , r) corresponding to the rootr = ((— l) fe (-y — fe)) may 
&e identified with harmonic k forms: 

F(P odd ,r) = H k (dX) = H k dR (dX), r = (-l) fe (^ - k). 

In particular, F($ odd , 0) H%£*{dX), and so € speCb(-D) if and only if H™^ 2 (dX) ^ 
{0}. 

Proof. From the preceding results, it follows that near dX we may write 

^odd = x {-icl{^- l ){xd x -N + (d + 5) dx )) 
where we have identified sc A odd A: ^ A*dX. 
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Since —ic£(u>^, 1 ) is an isomorphism, it suffices to consider D = x{xd x — N + 
(d + 5)dx) which will have the same indicial roots and formal nullspace. Since 
taking D = a; _ ( n + 1 )/ 2 Dx^ 1 ' 1 ^ 2 amounts to removing the leftmost factor of x and 
replacing xd x by xd x + (n — l)/2 = xd x + to/2, and then I{fl dd, X) amounts to 
replacing xd x by iX, it follows that 

<«) ^.^)=[? + " r-M 

with respect to the splitting A*dX = A odd dX © A cvca dX, where 

M = f-k, m = dim(dX). 

To analyze the roots of /(-D, — ir), we utilize the Hodge decomposition on C°°(dX; A* 
On harmonic forms W*(dX), (|4.6[) reduces to 

r + (-l) fe+1 (m/2- fc) onU k {dX) 

giving the first part of the b-spectrum and identifying the formal nullspace 

^odd, r) := Null(/(^ odd , -ir)) = H k (dX), r = (-l) k (m/2 - fc). 

Off of the harmonic forms, we observe that I(D, —ir) preserves eigenspaces of 
Agx and that the only coupling occurs between closed and co-closed forms. Thus it 
suffices to consider the action of I(D, —ir) first on pairs (<p u , ip v ) € C° c (dX; A k ) x 
C°°(dX; A k+1 ) such that d<j> v = y/vip„, Sip v = ^/v<j> v , for which 

r+(m/2-k) ^ 1 0<jfe< __ 1 

07 r - (to/2 - fc) + lj ' U " " 

and then likewise on pairs {-y v ,T) v ) € C°°{dX; A m - k ) x C°°(dX; A™-C=+i)) such 
that c>7„ = ^/vrjv, dr} v = ^Jv^/v, for which 

r — (to/2 — fc) 



I(D,-ir) = 



I(D,-ir) 

These are respectively invertible unless 



r 



+ (m/2-fc)-l 



r = -\ ± V(f -fc-2-) 2 + f, res P- r = ^± V(f -^-5) 2 + ^- □ 

Remark. From this computation of speCb(-$9 odd ) it can be seen that, not only is the 
b-spectrum symmetric about (as indeed it must be by self-adjointness), but that 
the formal nullspaces at r and — r are explicitly isomorphic by the Hodge star on 
dX. Indeed, *gx gives an isomorphism between eigenforms of Agx of form degree 
fc and eigenvalue v and those of form degree to — fc and eigenvalue (including 
harmonic forms as the special case v = 0), and the formal nullspace at each point 
of the b-spectrum consists precisely of such eigenforms. 

4.6. Moduli dimension. The set ispeCb(^ odd ) for n — 3 is depicted in Figure [2] 
In particular, ±1 € ispeCb(-p odd ) always occurs, with formal nullspaces correspond- 
ing to H°(dX;C) and H 2 (dX;C) 7 respectively. £ ispeCb(^) odd ) occurs with for- 
mal nullspace ff 1 (9AT;C) only if the latter is nonempty. Then there are points 
corresponding to positive eigenvalues of Agx which are therefore sensitive to the 
metric on dX. 

We say dX is sufficiently small provided that the first nonzero eigenvalue of Agx 
satisfies v\ > 2. (Recall that under the metric scaling h i — > Xh, the eigenvalues 
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Figure 2. The b-spectrum of |9 odd in case a) dX is not sufficiently 
small, and b) dX is sufficiently small. 

of dX scale by v i — ► and Vol(dX) i — > A m / 2 Vol(<9X).)^An example is the 
round sphere for which v\ = 2 exactly, and for which ispeCb(^ odd ) C Z. For 
sufficiently small, it follows that zspeCb(^ odd ) H [—1, 1] = { — 1, 0, 1} , since 



m—l 
2 



fc) +^i>V( I W + 2>A/i> 



for here m = 1 and k £ {0, 1} 
From Theorem 12.51 (using 
Di + Dg is Fredholm as an operator 



1 /2 

From Theorem 12.51 (using the volume form to trivialize the bundle fl S c {X)), 

k,l 1 , U7 + l/2rr/c+/-l|, T ,7H-M-ll 



Di + Dq : [^^X+V^bi] — ► [x^H^-^H, 

for 7 ^ ispeCb(-P odd ), and from the considerations of £14.31 we are specifically inter- 
ested in 7 G [—1, 1/2], for which the operator is surjective and the domain consists 
of sections with some decay. From the geometric perspective, we want as large a 
domain as possible, and we may finally conclude: 

Theorem 4.8. For an exact scattering manifold (X,g) with sufficiently small 
boundary dX , the formal tangent space Tt^ ^M-k is given by the nullspace of 

Di + Dq : [^^X'+V-^sc] (*! A ° dd ® acLP ) 

— > [x^^H^-^H^ 1 - 1 ] (X; A ovcn ® adP) 

/or any k, I £ N and 7 6 (—1,0). XTws space has dimension 

dim (T^ A) M k ) = Ak + ^idX) 

and consists of poly homogeneous sections. Here k = J QX c±(L) = fci + ••• + k^ is 
a sum over components of dX . Near dX , the adPi = $ components of (a,(f>) £ 
Null(D! + Dq) are rapidly vanishing, and the adP = C$ components have leading 
order 

{x% [O^] ifHHdX;C) = {0}, 

V ' \0(x) ifH\dX;C) f {0}. 
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Proof. From Theorem 13.61 the index of Di + Dq is given by 

ind(D! + DS, 7 ) = ind(9+) +def(D! + DS, 7 ) - ind((c> sig )+ P+ ) + def^ + ^,7) 
where we have used Proposition 14.61 and where 

def(D 1 + DS, 7 )=ind(^ odd , 7 ) 
From the standard index formula (see [LM89] . Thm. 13.9), 

ind((9 8lg )+ ) = / ch 2 (adP+)L(«9X) = f 2 Cl (adP+) = f 4 Cl (i)=4fc 
Jax Jax Jax 

where ch 2 (E) = £ fe 2 fe ch fe (.E) and ch k (E) denotes the H 2k (dX;R) component of 
the Chern character ch(E), and we have made use of the isomorphism adP + = L<E)L 
of Lemma 14.21 

On the other hand, under the assumption that dX is sufficiently small, it follows 
from ^ 

MI > odd>-e) = -ind(f odd) e) 

ind(^ odd , -e) - ind(^ odd , e) = dimH^dX; C) 

for e G (0, 1) that 

wd$ oM ,<y) = %timH l (dX ] C), 7 6 (-1,0). 
The asymptotics follow from Theorem l2.5[ and we note that the asymptotic order 
x 1 = a; ( n - 1 )/ 2 + corresponding to G zspec D (^ odd ) only occurs if H 1 (dX; C) is non- 
trivial, and then only shows up in the 1 form component, namely a. The next order 
asymptotic which occurs is x 2 — a;(™ _1 )/ 2 + 1 corresponding to 1 € ispec D (^ odd ). □ 

As a special case, when X — R 3 is the radial compactification of R 3 with the 
Euclidean metric 

dx 2 d0 2 
9o = — + x = I r 

x z 

where d6 2 is the standard round metric on S 2 , we obtain the standard result 

dim (T^ tA) M k ) = 4:k 
with Tr$ t A)-M.k consisting of smooth functions, since zspec D (-P odd ) C Z in this case. 
Appendix A. Polyhomogeneity 

Here we summarize some standard results regarding polyhomogeneous conormal 
distributions. References for the material this section include |Mcl93] and |Mel92j . 
We say BcCxN (here N = {0, 1, • • •}) is an index set if it is discrete and satisfies 
Ke(zj) — > oo when \(zj, kj)\ — > oo for (zj,kj) G E. 

Let X be a manifold with boundary and boundary defining function x. We say 
u G C°°{X \ dX) has polyhomogeneous expansion in x with index set E if u is 
asymptotic to the sum 

u~ ^2 x z {\ogx) k u Zik 

at dX, with u Zt k G C°°(dX). The condition that Rezj — > oo guarantees that 
such sums are Borel summable. Such an expansion is dependent on the choice of 
x, but if we require that E is a smooth index set, meaning in addition 

(z, k) G E => (z + n, I) G E, Vn G N, < I < k, 



CALLIAS' INDEX THEOREM AND MONOPOLE DEFORMATION 



37 



then the notion that u has a polyhomogeneous expansion with index set E is in- 
dependent of the choice of x, and we let Ap hg (X) denote the set of such functions. 
Likewise if V — > A" is a vector bundle, the set Ap hg (X;V) is well-defined for 
smooth E and consists of sections with expansions in terms of some local frame. 

The presence or absence of a term associated to a particular (z, k) e E in the 
expansion of u generally depends on the choice of boundary defining function, but 
there are certain terms for which the vanishing or non- vanishing of the correspond- 
ing coefficient makes coordinate-invariant sense. We say (z, k) <E E is high order 
if z = min {z + n : n E Z, (z,l) E E} and k = max {I : (z, I) G E} . It follows that 
if u (z.k) 7^ f° r a high order term with respect to one choice of x, then the same 
coefficient will be nonzero in the expansion with respect to any other choice, and 
u (z,k) — is equivalent to u e A^ g z ' k \x). 

For a fixed x, polyhomogeneity with index set E is equivalent to the Mellin 
transform 

M{4>u){X) = f x~ iX (j)(x)u{x) — 
Jr + x 

being a meromorphic function (section of with respect to A e C with poles 

at A = — iz of order k + 1 where k = max{Z : (z, I) e E} , and with rapid decay 
uniformly in strips |ImA| < c as |ReA| — > oo. Here <\> = 1 on a neighborhood of 
dX with support in a larger neighborhood, and M(<j)u) — M((f>'u) is holomorphic 
for any other such <j)' . 

We make use of the following notation for index sets. We identify e € Z with the 
index set {(e + N, 0)}, and write oo for the empty index set (since it corresponds 
to functions vanishing to infinite order). We also write 

Re E := inf {Re (z) : (z, k) G E} , Im E := inf {Im (z) : {z,k)eE}. 

Now suppose X is a manifold with corners and let Aii(X) be the set of its 
boundary faces of codimension I; in particular M.\{X) is the set of boundary hy- 
persurfaces. We use the notation £ = {Eh ■ H e Mi(X)} for a multi-index of 
smooth index sets, and the space Ap hg (X; V) is defined recursively by 

ueA £ phg (X;V) u~ J2 P H (^gPH) k u z , k , u zM EA%f{H-V) 

(z,k)eE H 

where £{H) = {F G : G e Mi(H)} and F G = E H , for the unique H' € Mi(X) 
such that H n H' = G. For a closed manifold Y, A* hg (Y) = C°°(Y), so that the 
recursion eventually terminates and Ap hg (X; V) is well-defined. 

For any boundary face F e M. n {M) and a normal neighborhood U = F x [0, 1)" 
defined in terms of fixed boundary defining functions (xi, . . . ,x n ) for hypersurfaces 
H\, . . . , H n such that F C H\ n • • -nH n , the multi- Mellin transform of <pu\u (where 
is a compactly supported cutoff function in U nowhere vanishing on F) is defined 

by 

M F (4>u)(z, Ai, . . • , A„) = / zr lAl ' ' ' < Xn 4>u,^...^, 

Jr" x i x n 

where (z, Ai, . . . , A„) G F x C™. Then u is polyhomogeneous with multi- index £ 
if and only if, for each such boundary face F, A4f{4> u ) is a product of meromor- 
phic functions valued in Ap hg (F;V), with factors having poles of order fc, + 1 at 
{Xi = —izi} only if (zi,ki) <G Eh^ and decaying rapidly and uniformly in strips 
|ImAi| < c. For a fixed choice of defining functions pi, a particular pole may or 
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may not occur according to whether the corresponding term appears in the expan- 
sion in terms of the pt. However the poles corresponding to high order terms are 
fundamental, and if such a pole does not occur then u is polyhomogeneous for the 
multi-index in which the associated element has been removed. 

A.l. Pullback and pushforward. Fundamental to the use of polyhomogeneous 
distributions on manifolds with corners are two results dictating their behavior 
with respect to pullback and pushforward operations. We say a map / : X — > Y 
between manifolds with corners is a b-map provided that for each boundary defining 
function p G for G G M\(Y), 

r(PG) = a n pi H - G \ e(H,G)eN, 0<aeC°°(X), 
HeMi{x) 

and b-maps give a well-defined set of morphisms with respect to which compact 
manifolds with corners form a category. The boundary exponents e{H, G) G N do 
not depend on the choice of the pa or pu ■ A b-map / is said to be a b-fibration if for 
each H G M\(X), e(H, G) ^ for at most one G € M\{Y). Such a map restricts 
to a fibration between the interiors of X and Y, and restricted to any boundary 
face of X, f is again a b-fibration. 

Suppose / : X — > Y is a b-map with boundary exponents e(H,G). For a 
collection T = {Eg} ceMx(Y) °f sm0 °th index sets for Y, we define the following 
pullback operation on index sets: 

f*T = {E H } HeMl(x) , where 

e h = {E c (h,g)#o (e(H,G)z, l ,k, l ) : (z 2 ,fc 2 ) G -F G }- 

If / is a b-fibration, we define a pushforward operation by 

/#(£) = { F G} GeMl (Y) > where 

F G = \J H(irl{G) {(zl<H,G),k) : (z,k) e E H }, 

and where the extended union operation is defined on index sets as 

EUF = E U F U {(z, k + I + 1) : (z, k) € E and (z, I) G F} . 

The following results can be found in |Mel92j . 

Theorem A.l. Let f : X — > Y be a b-map. Then the pullback f * : C°°{Y; V) — ► 
C°°(X; f*V) (here C°° denotes smooth functions vanishing to infinite order at all 
boundary faces ) extends to a map 

r:A^ g (Y;V)^A f p t[(X;rV). 

The corresponding pushforward result requires the use of densities. 

Theorem A. 2. Let f : X — > Y be a b-fibration. //Re (Eh) > for all H such that 
f{H) n Y £ 0, then the pushforward map /„ : C°°(X;tl h (X)) — > C°°(Y; fl b (Y)) 
extends to a map 

/, : A £ phg (X; n h (X)) — > A f p f g (Y; Sl h (Y)). 
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Remark. In terms of the multi-Mellin characterization of polyhomogeneity, the 
extended union corresponds roughly to multiplication of meromorphic functions 
and the addition of the degrees of their poles where they align. (See the proof of 
Proposition EH) 

Appendix B. b-sc transition calculus 

We include here a self-contained summary of the b-sc transition calculus of pseu- 
dodifferential operators. This idea is due to Melrose and Sa Barretto, and was used 
by Guillarmou and Hassell in GH08] . 

Let X be a compact manifold with boundary, and let Vb(X), V sc (^0 denote 
the Lie algebras of b vector fields and scattering vector fields, respectively. Let 
I = [0, 1) be a half open interval. The calculus is meant to microlocalize families 
of differential operators, parametrized by r G /, which fail to be fully elliptic in 
the scattering sense precisely as r — ► 0, where they are treated as weighted b type 
operators. 

B.l. Single, Double, and Triple Spaces. The operators are constructed as 
Schwartz kernels on X 2 x J, acting on functions on X x I, with composition occur- 
ring on X 3 x / all via pullback, multiplication and pushforward. The operators and 
functions considered will be those resolved to have polyhomogeneous expansions by 
particular blow-ups of these spaces. 
The single space is defined by 

X t = [X x I-dX x {0}]. 

The boundary faces of X t are denoted as follows. 

sc = lift ofdX x I 

tf = lift of dX x {0} 

zf = lift of X x {0} 

See Figure [T] 

The double space is defined in two steps. Let C n denote the union of boundary 
faces of codimension n of X 2 x I. Thus C3 = dX x dX x {0}, while C2 is a union 
of the faces dX x dX x /, dX x X x {0} and X x dX x {0}. The b blowup or total 
boundary blowup is well-defined for any manifold with corners to be the blow up of 
all boundary faces in order of decreasing codimension. in this case, 

(X 2 x I) h = [X 2 x I;C 3 ,C 2 }. 

Now denote by Cy and A the lifts of dX x dX x I and the fiber diagonal Ax/, 
respectively. These intersect transversally in (X 2 x J)b and the double space is 
defined by 

X 2 = [{X 2 x 7) b ;CVnA] 

We denote by P2 '■ X 2 — > X 2 x I the composite blow down map, and denote the 
boundary faces of X 2 by 

sc = lift of C v n A bf = lift oidXxdXxI 

tf = lift of C 3 lb = lift of X x dX x {0} 

rb = lift of dX x X x {0} lb = lift oi X x dX x I 

rb = lift of dX x X x I zf = lift of X x X x dl 
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See Figured] The reuse of the names sc, tf and zf should not cause any confusion 
as it should be clear from context which space is being referred to. Observe that 
these three faces of X 2 coincide with those of X t upon identifying X t with the lifted 
diagonal. 



bf 



bf 




Figure 3. The double space X 2 and its boundary faces 



The triple space is similarly defined in two steps. Again letting C n denote the 
union of boundary faces of codimension n, the b-blowup is given by 

(X 3 x/) b = [M 3 ;C4,C 3 ,C 2 ]. 

Now consider the b-fibrations ttl/r/c '■ (X 3 X I)b — > (X 2 x /)/,. The double 
space X 2 was obtained from (X 2 x I) h by blowing up the intersection Cy H A, 
which has preimage under each of ttl, ttr and lie lying in two separate boundary 
faces of (X 3 x I) h . Let Gl denote the preimage of Cy n A with respect to n L 
intersecting the preimage of (dX x X 2 x J) in (X 3 x 7)b, and let Jl denote the 
preimage of Cy (1 A intersecting the preimage of (X x X 2 x I). Define Gr/c and 
Jji/c similarly. A moment's consideration reveals that Gl H GrH Gc — K is a 
nonempty submanifold, while the J* only intersect the corresponding G* . 
Finally, define the triple space by 

%t — [(X 3 x J)b! K, Gl, G_r, Gc, Jl, Jr, Jc]- 

It is well-defined since the G* are separated after blowing up K . 

The important features of these spaces is that they lift the obvious projections 
to b-fibrations. A proof of the following theorem can be found in [GH08 . 
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Theorem B.l. There are b-fibrations it* making the following diagram commute 
(B.l) X? H ^I^I 

7TJ 



03 

"3 w r » v2 




X s X I =^ X / ^ X X I s~ / 

Remark. We 'overload' the notation for projections, so that for instance, 717 : 
JT t 3 — > I should mean the unique b-fibration lifting X 3 x / — !• /, which by 
the above theorem is given by any appropriate composition. 

The following identifications of various submanifolds and boundary faces of Xf 
are fundamental to the calculus, and are easily verified in local coordinates. 



T dx X x I — > dX x I 
2 

b,sc 3 



tf = (dX x [0,1]) 2 



zf = Xl 
^\r)=Xl, r>0, 
A^X t , 

where A C X? denotes the lifted fiber diagonal. 

B.2. Densities. We will make use primarily b half densities for operator kernels 
and functions, in order to facilitate the invocation of the pushforward theorem for 
polyhomogeneous conormal distributions. Observe on the unresolved spaces X n x I, 
n = 1, 2, 3 there are canonical identifications 
(B.2) 

nl /2 (x x i) <* ^(n^ixj) ® ^(^ /2 (/)) 
nl /2 (x 2 x i) s n' x>L ($/*(x)) ® ** XM {ti\' 2 {x)) ® n}(nl /2 (i)) 
nl /2 (x 3 x i) = n x , L (nl /2 (x)) ® n x , c (nl /2 (x)) ® n XjR (n^ 2 (x)) ® n}(nl /2 (i)) 

where ttx,r, etc. are shorthand for ttx Tr and so on. 

Lemma B.2. On X 2 and Xf , respectively, there are canonical identifications 
n* R (rt h /2 (X t )) ® nl(nl /2 (X t )) = P :l 2 n\! 2 {Xl) ® TrJ^CJ)), and 

7T^ /2 (X t 2 )) ® 7Tj(^ /2 (X t 2 )) ® <(^ /2 (X 2 )) = «/ 2 f7 b (X t 3 ) ® ^ 2 (/)) 

where o~ sc is a product of all the boundary defining functions Pg,l/r/c an d Pj,l/r/c 
for the faces obtained by blowing up G r /l/c and Jr/l/c ^ n the process of obtaining 
Xf. 

Proof. The proof follows from (|B.2[) and the standard fact that 

p*(n^ 2 (xj) ^ P ^ odim{Y) - 1)/2 n^ 2 ([X;Y}) 

with respect to a blow-down map /3 : [X; Y] — > X , where pg denotes a boundary 
defining function for the front face of the blow-up. □ 

We will make use of the canonical trivializing section v s := |^r| S £ C°°(J;f2 s ) 
and its pullback to various spaces. 
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We denote the kernel density bundle Wkd — > A t 2 by 

c kd =p-" /2 ^ /2 (^ 2 )- 
This convention normalizes the densities so that the kernel of the identity operator 
on b half densities has smooth asymptotic expansion of order at all boundary 
faces meeting the lifted diagonal. 

Lemma B.3. The restriction of the kernel density bundle gives the following iden- 
tifications 

M| tf - ftc "/ 2 ^((9Ix[0,l])L) 

(<*d)L 7 i (T) = p-^X^sc) = ^/Wc), T > 
(Wkd)|A = /C^b(PQ)fib) ® ^b /2 U) 

where (X t )a^ denotes the (generalized) fiber of the b-fibration ttj : X t — > I . 

Proof. The restriction of b half densities to boundary faces is well-defined, corre- 
sponding locally to the cancellation of a boundary defining factor, from which the 
first and second identifications follow. 
Along the submanifold nj (t),t > 0, 

^b /2 (* 2 )L- M = ^V/" 1 (r)) ® nl /2 (I) = n\!\^\r)) 

using the trivializing section zW 2 of fll/ 2 (I). 
For the last claim, we note that, near zf n A, 

Q b /2 (x 2 ) - nl /2 (x) ® ft b /2 (JVA) ® ^ b /2 (/) 
^ o b (x) ® o b /2 (/). 

Similarly, near sc n A, we have 

co kd = P -; i ' 2 ^ 2 {x) ® ^ /2 (iVA) ® ^ b /2 (/) 

= p-"O b (X) ® ^ 2 (7). □ 

B.3. The Calculus. Fix a vector bundle V — 5- X, and denote also by V — > X\ 
i e {1,2,3} the pullback of V to the single, double and triple spaces. The b-sc 
transition pseudodifferential operators are defined by 

^ £ (Xu V ® nl /2 ) = A £ phg I m (Xl A; End(y) ® c kd ), 

£ = (-Erf, -Etf, -Bsc, -Elb , -Erbo, °°lb, OO r b, OObf) 

where I m (Xf,A) denotes the space of distributions conormal to A in the sense 
of Hormander, with symbol order to. In particular, these distributions vanish to 
infinite order at lb,rb, and bf. For notational convenience we are denoting the 
bundle Hornby, ir* L V) — > X? simply as End(V). 

A distinguished subclass of these operators form the small calculus 

^m,(e zf ,e tf ,e sc ) (Xt . y ^ ^1/2) = ^(^.y g, 

with 5 = (e zf ,e tf ,e sc ,oo lbo ,oo rbo ,oo lb ,oo rb ,oo bf ) 
where e Z are identified with the smooth index sets {(a + N, 0)}. 
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The action of P G ^" l ' £ (X t ;V ® fJ b /2 ) on u G C°°{X t -V ® ft b /2 ) (here C°° 
denotes smooth sections vanishing to infinite order at all boundary faces) is given 

by 

Pu = (tt £ ). (k p ■ tt* r {u) n}^ 1 ' 2 )) , 
where Kp is the Schwartz kernel of P. 

Proposition B.4. The action of on C°° extends to an operation 

*?< £ (x t ; v ® nl /2 ) ■ A^{x t - v ® nl /2 ) c A G phg (x t; v ® ^ /2 ) 

G sc — -f- Z^gc 

Gtf = (F t{ + E tt )U{F zf + E Tho ) 
G zi = (F zi + E zf )u{F tf + E lho ) 

Remark. In particular, the small calculus maps A^ hg to A^ h(r with 

Csc — ^sc H~ ^sc 

G t f = Ftf + e tf 
G z f = F z f + e z f 

Proof. This is a direct consequence of Theorems IA.1I and IA.2I Indeed, taking 
u G -A^ hg (X t ; V ® fll /2 ), it follows that 

where 

H sc = E sc + F sc Hbf = _Ebf + F sc — oo + F sc — oo 

H ih = E lh + F sc = oo + F sc = oo H ti = E tl + F tl 

H\h a = En, + F t f -ff r b = E T b + F z f 
H z f — E z f + F z f. 

The index sets Gi are obtained from the pushforward theorem, since all boundary 
exponents of ttl are either or 1 and 

7r^ 1 (sc) = bf UscUrb 

7r J r 1 (tf) = tf Urb 

TT^zf) = lb Uzf. 

The interior conormal singularity is killed since tt^ is transversal to A. 

It remains to verify that the density bundles behave as expected. The claim 
is that the pushforward under ttl of up t: r (u)t:j (j^" 1 ^ 2 ) can be identified with a 
section of Vt^ 2 {X t ) ® V, or equivalently that it pairs with VL^ 2 {X t ) to produce an 
element of VL h {X t ) ® V. Thus let 7 G C°°(X t ; fi b /2 (X t )) and consider 

The element in parentheses on the right hand side is a section of 

ni(nl /2 (x t )) ® n R (nl /2 (x t )) ® p^a^ixf) ® ^(^ 1/2 (/)) ® v, 
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By Lemma IB. 21 we can identify this with the bundle 

P n J 2 ^ 2 {X 2 ) ® n* T (Ql /2 (I)) ® p-"/^/ 2 (^f) ® ^(O- ® V = Q h (X 2 ) ® 7, 

and (7Ti)* maps this into f2b(-X"t) <8> ^ as claimed. □ 

Composition of the operators is defined by pulling back to the triple space, 
multiplying and pushing forward: 

KPoQ = (7T C )* (ttIOp) ■^*r{Kq)'K* I {v~ 2 )) 

Proposition B.5. The composition of operators is well-defined, with 

vr< £ (x t ; v ® nl /2 ) o 9f^(x t ; v ® ft b /2 ) c *r +m ' ,e (* t ; v ® n£ /2 ) 

where 

G zf - (£ zf + F zf )U {E lha + F lho ) 
G tf = (£ tf + F tf )U(£i bo +F Tho ) 

Glb = (£-lb + Fzi) U (-^bfo + ^lbo) 
Grb = (-^zf + -Prbo) U (-Erbo + -^bf o ) 

Remark. In particular, the small calculus composes as 

^m,(e rf ,etf,es C ) q ^m',(/ zf ,/ tt ,/ ac ) ^ ^m+m ,(e lt +/ zf ,e tf + / t f ,e ac +/ ac ) 

Proof. First we consider how the densities behave. From Lemma IB. 2 1 it follows that 
<( K Pkfl.( K QK(0 is a section of (p J:C PG,c)"" /2 «b(^ t 3 )®7rJ^ 1/2 (X t 2 ). This 
may subsequently be identified with fifib(^f t 3 ) ® ^c^kd) where Ogb denotes fiber 
densities with respect to ire- 

The interior conormal singularities of ftp and kq compose transversally as in 
the classical case, and the only contribution to survive the pushforward comes from 
■Kq (A), since the conormal singularity everywhere else is transversal to ttc- 

Finally, the index sets are determined by the pushforward theorem, once we 
identify the relationships between the inverse images under ttl/r/c °f the boundary 
hypersurfaces of X 2 , in X 3 . In fact, as all boundary faces in question are the lifts of 
boundary faces of the product spaces X 2 x I and X 3 x / under blowups, it suffices 
to consider the maps ttl/r/c '■ X 3 x I — > X 2 x /, using commutativity of (IB. II) . 

For instance, tf C X 2 is the lift under [3 of the face dX x dX x {0} C X 2 x I. 
So consider ■n' c 1 {dX x dX x {0}) C X 3 x /. This consists of two boundary faceiQ, 
namely 

dX x dX x dX x {0} and dX x X x dX x {0} . 
The first face projects down to dX x dX x {0} under both ttl and ttr, corresponding 
to the face tf C Xf, while the second face projects to dX x X x {0} under ttl 
(corresponding to lbo C X 2 ) and to X x dX x {0} under ttr (corresponding to 
rbo C X 2 ). From this we conclude that 

Gtf = (E tf + Ftf) D (E lho + F lho ) . 
The index sets for the other faces are obtained similarly. □ 

^Though one face is included in the other in X 3 X /, this inclusion relationship is not preserved 
under blowup to Xf, so we consider them separately. 
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B.4. Normal operators and symbols. The leading order term in the asymptotic 
expansion of operator kernels at the boundary faces intersecting the lifted diagonal 
play a special role. 

Definition B.6. Given P e $™' £ (X t ; V <g> Oj/ 2 ) with kernel k p , let 

• N t f(P) be the restriction of Kp to tf, 

• cr sc (P) be the fiberwise Fourier transform of the restriction of Kp to sc with 
respect to the vector bundle structure on sc. 

• N T (P) be the restriction of kp to 71-7 1 (t),t > 0, and 

• N z f(P) be the restriction of kp to zf. 

Here restriction means as a section of the kernel density bundle, and it follows 
that the distributions iV*(P) are well-defined by transversality of the various faces 
and the lifted diagonal. The composition theorem allows these distributions to be 
interpreted as various model operators. 

Proposition B.7. With P e y r t n ' £ (X t ; V <E> f^ /2 ), Q e V?' (X t ; V ® ^ /2 ), there 
are identifications 

a sc (P) e C°°( SC T^X x I;End(V) ® ft 1 / 2 )) 

NAP) G y™^ E *o^ ),E sc{dx x b[0)1]sc . y ^ V2) 

N zi (P) e <' (Sbf °' Blbo ' £rbo) (x ; y®^ /2 ) 

A^ T (P) G *^ e (A";V®fib /2 ) t>0. 
Wii/i respect to composition, these satisfy 

Vsc(P °Q) = <j sc {p)o- sc {Q) 
Ntf(PoQ) = JV tf (P) o JV tf (Q) 
iV zf (P o Q) = AT zf (P) o 7V zf (Q) 

n t (PoQ) = iv r (p)oiv r (g) 

provided Re (-Erbo + ^lb ) > R- e (Ezi + ^zf) in the case of N z f(P o Q), and provided 
Re {E Xho + P rbo ) > Re (E Mo + F hfo ) in the case of N tf (P o Q). 

Remark. iVbf (P) is an operator on <9X x b[0, l] sc which is of b type near and 
scattering type near 1. It has index sets (E z f , E\b , E T b ) as a b operator, and the 
index set E sc as a scattering operator. a sc (P) is just a family of scattering symbols, 
parametrized smoothly by t/x e [0, 1). 

Proof. Observe that in the triple space ttJ 1 ^) = X 3 C for r > 0, so for fixed t > 
composition coincides with the composition of scattering operators. From this the 
composition formulae for a sc and N T follow. 

Next consider N z f(P). From the identification zf = X^, this may be viewed 
as the Schwartz kernel of a b operator on X, it must be shown that N Z [(P o 
Q) = N z f(P) o N z f(Q) under appropriate conditions. As zf C X? is the lift of 
X x X x {0} C X 2 x /, consider the inverse image of the this boundary face under 
tt c in X 3 x I: 

^{X x X x {0}) = X x X x X x {0}U X x dX x X x {0} . 

The first face projects to X 2 x {0} C X 2 x I under both ttl and 7rp, while the 
second projects to X x dX x {0} under ttl and to dX x X x {0} under 7rp. (This is 
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the reason for the index set behavior G z { = (E z { + F z f)U (-E r b + ^ib ) with respect 
to composition.) Provided Re (E r k + F\b ) > R e {E z f + F z f), the contribution of the 
former vanishes upon restriction to zf, so under this condition the value [np Q)\ z i 
is determined by the composition on the lift of X x X x X x {0} in X 3 . 

A straightforward coordinate computation shows that the lift of this face is 
isomorphic to the b triple space X^, with kl/r/c restricting to the analogous b- 
fibrations X^ — > Xg, and N zf (P o Q) = N zi (P) o N zi (Q) follows at once. 

Similar considerations apply to N t f(P). From the composition formula, provided 
Re(i?ib + -Frb ) > Re (-Etf + Fti), the contribution to (/tp Q)|tf consists of the 
composition of P and Q on the boundary hypersurface in Xf which is the lift of 
dX x dX x dX x {0} in X 3 x I. A coordinate computation again shows that this 
face is diffeomorphic to the triple space (dX x [0,1])^ sc and that itl/r/c induce 
the appropriate b-hbrations (dX x [0, 1])^ sc . □ 

Proposition B.8. The symbols and normal operators are related by 

a sc (P)l- 1(T) = a sc (N T (P)) 
(B.3) <7 sc (^)|scntf = c7 sc (N tf (P)) 

I(N tl (P),X)=I(N zf (P),-X) 

Proof. The first two equations arc a straightforward consequence of the geome- 
try, the symbols in question being given by the fiberwise Fourier transform along 
7rJ (r)nsc and scfltf, respectively, using the vector bundle structure induced from 
the identification sc = SC T 9X X x I — > dX x I. 

The third equation follows similarly from the geometry, the indicial operators of 
N t f(P) and N z f(P) being given by the fiberwise Mellin transform of the restriction 
of np to tf n zf = [0, oo] x dX 2 . The difference in the sign of A is explained by the 
fact that the fiber variable s £ [0,oo] (with respect to which the Mellin transform 
is computed) differs by ,s i — > 1/s between the two operators. 

To see this, suppose (x,y,r) and (x',y',T) are two copies of coordinates on 
X x I near dX x {0} , so that (x, y, x', y', r) form coordinates on X 2 x I near the 
corner. After blow-up, coordinates near zf = X 2 are given by (x, y,s — x' /x, y', r) 
(where zf = {r = 0}) and the action of the indicial operator I(N Z {(P)) is given by 
integration in y' and (multiplicative) convolution in s € [0, oo) with fiber density 
ds/s. (This follows for instance from the fact that /?* (x'd x >) |tfnzf = sd s .) On the 
other hand, coordinates for tf = (dX x [0, 1])^ sc near the b front face tf fl zf are 
given by 

(t, y, s', y') = (t/x, y, t' ft = {t/x'){x/t) = y') 
and I(N t f(P)) acts by convolution in s' = 1/s with fiber density ds 1 / s 1 . □ 

B.5. Symbols of Differential operators. Next we discuss the Lie algebra giv- 
ing rise to the transition calculus, and give an alternate definition of the normal 
operators for differential operators. 

Consider the b fibration 717 : X t — > I. Let Vb,f(A t ) C Vb(X t ) denote the subset 
of the b vector fields on X t (so those tangent to the boundary hypersurfaces), which 
are tangent to the fibers of 717. Tangency is preserved under Lie bracket, so Vb,f (X t ) 
is a Lie subalgebra. Then the b-sc transition vector fields arc defined to be those 
vector fields which additionally vanish at sc: 

V t (X t ) = p sc V b;f (X t ). 
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Lemma B. 9. (a) [Vt(X t ),Vt(X t )] C p sc Vt{X t ), so Vt{X t ) is a well-defined Lie 
subalgebra. 

(b) Evaluation ofVt(X t ) atsc takes values in the abelian Lie algebra Vt(X t ) / p sc Vt(X t ) . 

(c) Evaluation at tf takes values in Vt(X t ) / ptfVt(X t ) = Vb, S c(<9X x b[0, l] sc )- 

(d) Evaluation at zf takes values in Vt(X t ) / p z {Vt(X t ) = Vh(X). 

Proof, (gj) follows exactly as in the proof of the identity [V SC (X), V SC (X)] C xV sc (X), 
using the fact that V h;i (X t ) ■ p sc C°°(X t ) C p sc C°°(X t ). Then © follows from (jsj) 
and the fact that p sc Vt(X t ) is an ideal. 

(jg) follows from the fact that, since tf is a (generalized) fiber of ttj, Vt(X t ) / ptiVt(Xt) 
consists of vector fields on tf which are tangent to its boundaries tf n sc and tf n zf , 
with an additional vanishing factor at tf n sc. A similar consideration results in 
®. □ 

The transition differential operators are the enveloping algebra of Vt(X t ); equiva- 
lently, they are defined by iterated composition of Vt(X t ) as operators on C°°(X t ; V). 

Difff (X t ; V) = I Y, a i y i • • • V i > V i e Vt(X t ), Oj £ End(V)) 

[]<k 

The evaluation maps above then extend to normal operator homomorphisms 
iV sc : Diflt(X t ; V) — ► DiS^ b (( sc T ax X) x /; V) 
Nti : Diff*(X t ; V) — ► Diff^^X x /; V) 
N T : Difff (X t ; V) — > Diff s fc c (X; V) 
N zi : Diff J (X t ; V) — > Diff^X; V), 

where Difff fib (( sc Tgx^) x V) denotes translation invariant differential operators 
along the fibers of sc TqxX x I — > dX x I which are smoothly parametrized by the 
base. Fiberwise Fourier transform of the first of these gives the scattering symbol 

a sc : Diffft-X*; V) — > C°°( SC T| X X x 7; End(V)). 

Proposition B.10. For any P £ Diff t (X^; V), i/ie indicia! families of N t [(P) and 
N z f(P) are related by 

I(N tf (P),X) = I(N zl (P),-X). 



Proof. It suffices to verify this in the case of a vector field W £ Vt (X t ) . By definition 
W is tangent to the fibers of 717 : X t — > L, which has the local coordinate form 

77/ : (x, y, t) — > t = xt 

near zfntf where t = t/x is a blow-up coordinate, and y £ dX. In these coordinates, 
Vt(Xt) is span over C 00 (X t ) of the vector fields d Vi and xd x — tdt, so 

W = c a (x, y,t)(xd x - tdt) + ^2<ii(x,y,t) d Vi 

i 

from which it follows that 

L(N zl (W), A) = oo(0, y, 0)(iA) + Oi(0, 2/, 0) d Vi 
I(N tf (W),X) =a (0,y,0)(-iX) + J2 i a i (0,y,0)d n . □ 
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By lifting vector fields to Xf from the left or the right and applying them to the 
kernel of the identity, it follows from the analogous results for the b and scattering 
calculi that these definitions of N*(P) and a sc (P) agree with those defined for 
pseudodifferential operators on Xf. 

B.6. The Trace. For operators in ^>^(X) or ^* C (X) which extend to be trace class, 
the trace may be computed by restricting to the diagonal and integrating (taking 
the trace fiberwise if operating on sections of a vector bundle). Here sufficient 
conditions for A G *if™' (X;V) to be trace class are that m < — dim(X) and 
ReP ff > 0, and for B € *™' e -(X; V) that m < - dim(X) and e sc > n. 

We define an analogous 'families trace' for sufficiently well-behaved P G (X t ; V). 

Definition B.ll. Let P G 9™' S (X t ;V) with m < -dim(X), Re E sc > n. Then 
Tr(P) G Ag hg (I) is defined by 

Tr(P) = M^Ma))^ 1 / 2 G < hg (J) 

where F — E t {UE z {, tr(-) denotes the trace in the endomorphism bundle End(T^), 
ttj : Xt — > I is the lift of the projection X x I — > I, and v s — | — | is the 
canonical trivializing section of 0,^(1). 

To see that this operation is well-defined, observe that m < — dim(X) implies 
that Kp is continuous so that the restriction to the diagonal is well-defined, and 
by Lemma [B.2I results in a section k p \& G (X t ; p~ c n Q h fih (g) Q^ 2 (I)), where 
fib fib denotes fiber b-densities with respect to ttj : X t — > I. The condition 
Re E sc > n implies that, viewed as a (fiber) b-density, kp\a has index set at 
sc with strictly positive real part so that the pushforward by 717 exists, giving a sec- 
tion of -4p hg (/; Sl\j 2 {I)) after which the density factor is removed by multiplication 
by v~ x l 2 . The index set F — E t fUE z f is a consequence of Theorem IA. 21 

It is clear that for r > 0, the value of Tr(P) at r coincides with the trace of 
N T (P) as a scattering operator: 

Tr(P)(r) = Tr(7V T (P)) 

More subtle is the fact that Tr(P)(0) coincides with Tr(AT tf (P)) + Tr(7V zf (P)), 
provided these exist. 

Proposition B.12. Provided P G % a,£ (X t ; V) satisfies m<- dim(X), Re P sc > 
dxm(X), E t f = E z{ = 0, with N z{ (P) G .sc and N tf(P) € *S trace class, then 
Tr(P) is a continuous function of r down to r = and 

(B.4) Tr(P)(0) - Tr(AT tf (P)) + Tr(iV zf (P)) 

Proof. According to the pushforward theorem, Tr(P) G -^ph g (^) where F — P z fDP t f ■ 
In particular the leading order index is (0, 0)D(0, 0) = (0,1), meaning a priori 
Tr(P)(r) has leading order asymptotic log(r) at r = 0. To prove the first part it 
suffices to show this leading order behavior does not occur, since the next order 
term is O(t ) = 0(1) (corresponding to index (0,0)), implying boundedness and 
hence continuity. 

We claim that the offending log term does not occur provided that the restriction 
(Kp|A)|tfnzf to the corner tf n zf (which is canonically a density on tf n zf = dX) 
integrates to 0. From this the result follows, for then the assumption that N z f(P) 
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and Ntt(P) are trace class means they have vanishing Schwartz kernels at tf fl zf C 
X?, so in particular (/cp|A)|tfnzf vanishes identically. 

Thus suppose u € Ap hg (X t ;£lb) is a bounded continuous density with leading 
order index (0, 0) € F z {, F t {, and that u|tfnrf S C co (dX; fi) has vanishing integral. 
The b-hbration X t — > I is given locally near tf n zf by 

dX x [0, l) 2 3 (y, t, x)\ — >T = txeI. 

using coordinates y € dX, the boundary defining function ionI, and blow-up 
coordinate t — t/x. Let <f> £ ([0,1) 2 ) be a smooth cutoff which is identically 
equal to 1 on a small neighborhood of {0, 0} . 

Recall that polyhomogeneity of <j)u G A^ hg (dX x [0, l) 2 , ilb) is equivalent to the 
multi-Mellin transfer n0 

f dt dr 

M 2 (<M(»7,0= / r^ar^foxjufot,*)^ — 

J[0,1) 2 * X 

being a product-type meromorphic function on C 2 valued in C°°(dX; f2) with poles 
of order p + 1 and 9 + 1 along {77 = —iz{\ and {£ = —iz 2 } respectively, for each 
(zi, £>) € F z { and (2:2 j 9) € i*tf , along with a uniform decay condition in strips 
|Im£| < C and |Imr?| < C . 

Similarly, the index set F of v € •^phg(-^i^b) is determined by the orders and 
locations of the poles of 

Ml(cbv)(X) = J T- iX (f>(T)v(T) y 

where a pole of order p + 1 at A = ~iz corresponds to (z,p) G F. 

Thus to show f*4>u has no log term corresponding to (0, 1) € F, it suffices to 
show that Ali(/*0u)(A) has only a simple pole at A = 0. We compute 

/dr 
r-* A (f^u)(r) — 

r fit dx 
= (i\f I (t x y iX (j)(t, x) u(z, t, x) dV ax 

JdXx[0,l) 2 t x 

= / (tx)~ iX d t d x ((f>(t,x)u(z,t,x)) dxdtdVax 

JdXJ[0,l) 2 

using f*(j- lX ) = {tx)~ lX , the identities i\(tx)~ lX = -xd x {tx)- lX = -td t (t x)~ lX , 
integration by parts (which valid in the region ImA >> 0) and analytic continua- 
tion. It follows that 

lim^A) 2 X 1 (/,0w)(A) = / u(z,0,0)dV dx 
x ^° Jdx 

so that vanishing of J gx w|axx{o.o} implies simplicity of the pole at A = 0. 

By considering localizations at other boundary faces away from tf PI zf , (where 
the b-fibration is modeled on a simple projection), it is easily seen that the only 
extended union (i.e. additional log term) contribution can come from the corner 
tf n zf . Thus, vanishing of the integral of it|tfnzf is sufficient (and indeed necessary 
from the equivalence of the Mellin characterization of polyhomogeneity) for f*u to 
have leading index (0,0) € F. 



'Observe that the density element dt/tdx/x is part of u. 
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Once it is established that Tr(P) e C C°(I), it is immediate Tr(P)(0) 

consists of the pushforward from 7r 7 rl (0) = tf Uzf C Xt and is given by the integral 
of the induced b-densities thereon, from which (|B.4[) follows. □ 
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